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Dominic Joyce 



Abstract 

If X is a manifold tlien the R-algebra C°°{X) of smootii functions 
c : X — > K is a C°°-ring. That is, for each smooth function / : R" — >■ R 
there is an n-fold operation <E>/ : C°°(X)" C°°{X) acting by $/ : 
(ci, . . . , c„) I— >■ /(ci, . . . , c„), and these operations satisfy many natural 
identities. Thus, C°°(X) actually has a far richer structure than the 
obvious R-algebra structure. 

We explain the foundations of a version of algebraic geometry in which 
rings or algebras are replaced by C°°-rings. As schemes are the basic 
objects in algebraic geometry, the new basic objects are C°°-schemes, a 
category of geometric objects which generalize manifolds, and whose mor- 
phisms generalize smooth maps. We also study quasicoherent and coherent 
sheaves on C°°-schemes, and C°°-stacks, in particular Deligne-Mumford 
C°° -stacks, a 2-category of geometric objects generalizing orbifolds. 

Many of these ideas are not new: C°°-rings and C°°-schemes have 
long been part of synthetic differential geometry. But we develop them 
in new directions. In a sequel [22] the author will use these tools to 
define d-mamfolds and d-orbifolds, 'derived' versions of manifolds and 
orbifolds related to Spivak's 'derived manifolds' These in turn will 

have applications in symplectic geometry, as the geometric structure on 
moduli spaces of J-holomorphic curves. This paper is surveyed in [21] . 



Contents 

1 Introduction 

2 C°°-rings fs 

2.1 Two definitions of C°°-ring 5 

2.2 C°°-rings as commutative R-algebras, and ideals 7 

2.3 C°°-local rings, and localization 9 

2.4 Fair C°°-rings [k 

2.5 Good C°°-rings n 

2.6 Pushouts of C°°-rings [l4 

3 The C°°-ring C"^(X) of a manifold X [li 



1 



C°°-ringed spaces and C°°-schemes 

4.1 C°°-ringed spaces and local C°°-ringed spaces 

4.2 Affine C°° -schemes 

4.3 Locally finite sums in fair C°°-rings 

4.4 General C°°-schemes 



Modules over C°°-rings 

5.1 Modules 

5.2 Complete modules over fair C°°-rings 

5.3 Cotangent modules of C°°-rings . . . . 



Sheaves of modules on C°°-schemes 

6.1 Sheaves of Ox-modules on a C°°-ringed space {X,Ox) 

6.2 Sheaves on affine C°°-schemes, and MSpec 

6.3 Quasicoherent and coherent sheaves on C°°-schemes . 

6.4 Cotangent sheaves of C°°-schemes 



Background material on stacks 

7.1 Grothendieck topologies, sites, prestacks, and stacks 

7.2 Commutative diagrams and fibre products 

7.3 Descent theory on a site 

7.4 Properties of 1-morphisms 

7.5 Geometric stacks, and stacks associated to groupoids 

C°°-stacks and orbifolds 

1 C°°-stacks 

2 Properties of morphisms of C°°-stacks 

3 Open C°°-substacks and open covers 

4 Deligne-Mumford C°°-stacks 

5 Characterizing Deligne-Mumford C°°-stacks 

6 The underlying topological space of a C°°-stack . . . 

7 Coarse moduli C°°-schemes of C°°-stacks 

8 Orbifolds as Deligne-Mumford C°°-stacks 



8 



Sheaves on Deligne Mumford C°°-stacks 

9.1 0;t-niodulcs, quasicoherent and coherent sheaves . . 

9.2 Writing sheaves in terms of a groupoid presentation 

9.3 PuUback of sheaves as a pseudofunctor 

9.4 Cotangent sheaves of Deligne-Mumford C°°-stacks . 



References [o^ 



1 Introduction 

Let X be a smooth manifold, and write C°°{X) for the set of smooth functions 
c : X — K. Then C°°{X) is a commutative M-algebra, with operations of 
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addition, multiplication, and scalar multiplication defined pointwise. However, 
C°°{X) has much more structure than this. For example, if c : X — >■ K is 
smooth then exp(c) : X — )• M is smooth, and this defines an operation exp : 
C°°{X) C°°{X) which cannot be expressed algebraically in terms of the ffi.- 
algebra structure. More generally, if n ^ and / : M" — )■ M is smooth, define 
an n-fold operation : C°°(X)" C°^{X) by 

($/(ci, . . . ,c„))(a;) = /(ci(x),...,c„(x)), 

for all ci, . . . , c„ € C°°{X) and x G X. These operations satisfy many identities: 
suppose m, n ^ 0, and /,; : R" — >■ M for i = 1, . . . ,m and g : M™ — >■ R are smooth 
functions. Define a smooth function h : R" — > M by 

h{xi, ...,Xn)= 9{fl{xi, ■ ■ . ,X„), . . .,fm{xi . . ■ , Xn)) , 

for all {xi, . . . , Xn) e M". Then for all ci, . . . , c„ G C°°{X) we have 

$,,(ci,...,c„) = $g(<I>/,(ci,...,c„),...,$/„(ci,...,c„)). (1) 

A C°°-ring (C, ($/)/:R"-^e c~) is a set £ with operations 
for all / : R" — > M smooth satisfying identities ([T|), and one other condition. 
Then C°°{X) is a C°°-ring for any manifold X, but there are also many Cu- 
rings which do not come from manifolds, and can be thought of as representing 
geometric objects which generalize manifolds. 

The most basic objects in conventional algebraic geometry are commutative 
rings R, or commutative K-algebras R for some field K. The 'spectrum' Spec R 
of R is an affine scheme, and R is interpreted as an algebra of functions on 
Speci?. More general kinds of spaces in algebraic geometry — schemes and 
stacks — are locally modelled on affine schemes Spec R. This paper lays down 
the foundations of Algebraic Geometry over C°° -rings, in which we replace 
commutative rings in algebraic geometry by C°° -rings. It includes the study of 
C°°-schemes and Deligne-Mumford -stacks, two classes of geometric spaces 
generalizing manifolds and orbifolds, respectively. 

This is not a new idea, but was studied years ago as part of synthetic dif- 
ferential geometry, which grew out of ideas of Lawvere in the 1960s; see for 
instance Dubuc [TT] on C°°-schemes, and the books by Moerdijk and Reyes [55] 
and Kock [53]. However, we have new things to say, as we are motivated by 
different problems (see below), and so are asking different questions. 

Following Dubuc's discussion of 'models of synthetic differential geometry' [5] 
and oversimplifying a bit, symplectic differential geometers are interested in C°°- 
schemes as they provide a category C°°Sch of geometric objects which includes 
smooth manifolds and certain 'infinitesimal' objects, and all fibre products exist 
in C°°Sch, and C°°Sch has some other nice properties to do with open covers, 
and exponentials of infinitesimals. 

Synthetic differential geometry concerns proving theorems about manifolds 
using synthetic reasoning involving 'infinitesimals'. But one needs to check these 
methods of synthetic reasoning are valid. To do this you need a 'model', some 
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category of geometric spaces including manifolds and infinitesimals, in which 
you can think of your synthetic arguments as happening. Once you know there 
exists at least one model with the properties you want, then as far as synthetic 
differential geometry is concerned the job is done. For this reason C°°-schemes 
have not been developed very far in synthetic differential geometry. 

Recently, C°°-rings and C°°-ringed spaces appeared in a very different con- 
text, as part of David Spivak's definition of derived manifolds |39| . Spivak was 
a student of Jacob Lurie, and his goal was to extend parts of Lurie's 'derived 
algebraic geometry' programme to differential geometry. Spivak's construc- 
tion is very complex and technical, and his derived manifolds form a simplicial 
category, a kind of oo-category with n-morphisms for all n ^ 1. 

In [22], the author will develop a theory of 'derived differential geometry' 
which simplifies, and goes beyond, Spivak's derived manifolds. Our notion of 
derived manifolds are called d-manifolds, and are built using the theory of locally 
fair C°°-schemes and quasicoherent sheaves upon them of this paper. They form 
a 2-category. We also study d-manifolds with boundary, and d-manifolds with 
corners, and orbifold versions of all these, d-orbifolds, which are built using the 
theory of locally fair Deligne-Mumford C°°-stacks and quasicoherent sheaves 
upon them of this paper. 

Many areas of symplectic geometry involve moduli spaces A4g.m{J, (3) of 
stable J-holomorphic curves in a symplectic manifold (M, w). The original 
motivation for the project of [12] was to find a good geometric description for the 
geometric structure on such moduli spaces Mg^m{J, (3). In the Lagrangian Floer 
cohomology theory of Fukaya, Oh, Ohta and Ono [13], moduli spaces Mg,m{J, P) 
are given the structure of Kuranishi spaces. Their theory of Kuranishi spaces 
seemed to the author to be unsatisfactory and incomplete. In trying improve it, 
and making use of ideas from Spivak [3^ , the author arrived at the d-manifolds 
and d-orbifolds theory of [22]. The author believes that the 'correct' definition 
of Kuranishi space in the work of Fukaya et al. [13] should be that a Kuranishi 
space is a d-orbifold with corners. 

To set up our theory of d-manifolds and d-orbifolds requires a lot of pre- 
liminary work on C°°-schemes and C°°-stacks, and quasicoherent sheaves upon 
them. That is the purpose of this paper. We have tried to present a complete, 
self-contained account which should be understandable to readers with a rea- 
sonable background in algebraic geometry, and we assume no familiarity with 
synthetic differential geometry. We expect this material may have other appli- 
cations quite different to those the author has in mind [22], which is why we 
have written it as a separate paper, and tried to give a general picture rather 
than just those parts needed for [22] . 

Section [5] explains C°°-rings. The archetypal examples of C°°-rings, C^{X) 
for manifolds X, are discussed in ^ Section |3] studies C°°-schemes, fj5] mod- 
ules over C°°-rings, and ^sheaves of modules over C°°-schemes, quasicoherent 
sheaves, and coherent sheaves. Sections [7]^ generalize 21 ^-^d ^JSjto C°°-stacks. 
We are particularly interested in Deligne-Mumford C°° -stacks, which are C°°- 
stacks locally modelled on \U/ G] for U an affine C°°-scheme and G a finite group 
acting on U, since Deligne-Mumford C°°-stacks generalize orbifolds in the same 
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way that C°°-schemes generalize manifolds. 

Almost all of 32l"Sl is already understood in synthetic differential geometry, 
such as Dubuc [TT] and Moerdijk and Reyes [33], except for good C°°-rings, 
which appear to be a new idea, (locally) good C°°-schemes, and some facts 
about the C°°-rings and C°°-schemes of manifolds with boundary or corners. 
But we believe it is worthwhile giving a detailed and self-contained exposition, 
from our own point of view. Section [7] summarizes material on stacks from 
[l[3J[ini[Ml[2Hll31]. Sections EHHl and HHH are new, so far as the author knows, 
though they are based on well known material in algebraic geometry. This paper 
is surveyed in fH]. 

Acknowledgements. I would like to thank Eduardo Dubuc and Jacob Lurie for 
helpful conversations. 

2 C°°-rings 

We begin by explaining the basic objects out of which our theories are built, 
C°°-rings, or smooth rings. The archetypal example of a C°°-ring is the vector 
space C°°(X) of smooth functions c : X — ^ M for a manifold X, and these will 
be discussed at greater length in ^ The material on good C°°-rings in Jj2?5]-i231 
is new, as far as the author knows, but nearly everything else in this section will 
be known to experts in synthetic differential geometry, and much of it can be 
found in Moerdijk and Reyes |3l Ch. I], Dubuc [SHU] or Kock [H §111]. We 
introduce some new notation for brevity, in particular, our fair C°°-rings are 
known in the literature as 'finitely generated and germ determined C°°-rings'. 

2.1 Two definitions of C°°-ring 

We first define C°°-rings in the style of classical algebra. 
Definition 2.1. A C°°-ring is a set £ together with operations 

^ n copies ^ 

$/:e:" = e:x---xe: — ><i 

for all n 5^ and smooth maps / : R" — > R, where by convention when n — we 
define to be the single point {0}. These operations must satisfy the following 
relations: suppose m, n ^ 0, and fi : M" — )■ K for i = 1, . . . , m and g : R™ — > R 
are smooth functions. Define a smooth function h : R" ^ R by 

h{xi, . . . ,x„) = g{f i{xi, . . . ,a;„),. . . . . . ,x„)), 

for all (a;i, . . . , Xn) G R". Then for all (ci, . . . , €„) G £" we have 

$?,(ci, . . . , c„) = ^g{^fi (ci, . . . , c„), . . . , (ci, . . . , c„)) . 

We also require that for all 1 ^ ^ n, defining ttj : R" R by iVj : 
(xi, . . . ,Xn) '-^ Xj, we have >I>^^ (ci, . . . , c„) = Cj for ah (ci, . . . , c„) G 
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Usually we refer to £ as the C°°-ring, leaving the operations <&/ implicit. 

A morphism between C°°-rings (C, ($/)/:R"^r c~) , (D, (*/)/:R"^r c==) 
is a map </):£—>■ 2) such that ^/(0(ci), . . . , 0(c„)) — (j) o $/(ci, . . . , c„) for 
all smooth / : M and ci, . . . , c„ G £. We will write C°°Rings for the 

category of C°°-rings. 

Here is the motivating example, which we will study at greater length in ^J3J 

Example 2.2. Let X be a manifold, which may be without boundary, or with 
boundary, or with corners. Write C^{X) for the set of smooth functions c : 
X ^ R. For n ^ and / : R" ^ R smooth, define $/ : C°°(X)" -> C°°(X) by 

($/(ci,...,c„))(a;) = /(ci(x),...,c„(a;)), (2) 

for all ci, . . . ,c„ e C°°(X) and x ^ X. It is easy to see that C°"{X) and the 
operations $/ form a C°°-ring. 

Example 2.3. Take X = {0} in Example O Then C°°({0}) = R, with 
operations $ / : R" — > M given by "I>/(a;i, . . . , a;„) = /(a^i, . . . , a;„). This makes 
R into the simplest nonzero example of a C°°-ring. 

Note that C°°-rings are far more general than those coming from manifolds. 
For example, if X is any topological space we could define a C°°-ring C^{X) to 
be the set of continuous c : X — ^ R with operations $/ defined as in ([2]). For 
X a manifold with dimX > 0, the C°°-rings C°°(X) and C°(X) are different. 

There is a more succinct definition of C°°-rings using category theory: 

Definition 2.4. Write Euc for the full subcategory of Man spanned by the 
Euclidean spaces R". That is, the objects of Euc are the manifolds R" for 
n = 0, 1,2, . . ., and the morphisms in Euc are smooth maps / : R" — R™. 
Write Sets for the category of sets. In both Euc and Sets we have notions of 
(finite) products of objects (that is, R"+" = R" x R™, and products 5 x T of 
sets S,T), and products of morphisms. Define a (category-theoretic) C°°-ring 
to be a product-preserving functor F : Euc Sets. 

Here is how this relates to Definition 12.11 Suppose F : Euc — > Sets is a 
product-preserving functor. Define £ — F{K). Then £ is an object in Sets, 
that is, a set. Suppose n ^ and / ; R" — !■ R is smooth. Then / is a morphism 
in Euc, so F{f ) : F(R") F(R) = £ is a morphism in Sets. Since F preserves 
products F(R") = F(R) x • • • x F{W) = £", so F{f) maps £" ^ £. We define 
$/ : £" ^ £ by $/ = F{J). The fact that is a functor implies that the $/ 
satisfy the relations in Definition 12. 11 so (£, (<I>/)/:ri._j.r c^") is a C°° ring. 

Conversely, if (£, (<&/)/:R'»-!.r c°°) is a C°°-ring then we define F : Euc — > 
Sets by F(R") = £", and if / : R" R" is smooth then / = (/i, . . . , /,„) for 
/, : R" -> R smooth, and we define F{J) : £" ^ £" by F{f) : (ci, . . . , c„) ^ 
(<I>/j (ci c„) ,...,$/,„ (ci c„)) . Then is a product-preserving functor. 
This defines a 1-1 correspondence between C°°-rings in the sense of Definition 
12. 1[ and category-theoretic C°°-rings in the sense of Definition 12.41 
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Since all small colimits exist in Sets ^T, Ex. V.1.8], regarding C°°-rings as 
functors F : Euc — >■ Sets as in Definition I2.4[ to take small colimits in the 
category of C°°-rings we can take colimits in Sets object-wise in Euc, so as in 
Moerdijk and Reyes [331 P- 21-22] we have: 

Proposition 2.5. In the category C°° Rings of C°° -rings, all small colimits 
exist, and so in particular pushouts and all finite colimits exist. 

In fact Proposition 12.51 holds for the category of models of any universal- 
algebra theory. We will write SHI^^c^^ (£ or ©lie 2; for the pushout of morphisms 
(j) : C^D, ip : C-^ein C°°Rings. When e: = M, the initial object in C°°Rings, 
pushouts S) Ur 2; are called coproducts and are usually written 2? <Siaa ^- (Note 
that for M-algebras A, B the coproduct is the tensor product A ® B.) 

2.2 C°°-rings as commutative R-algebras, and ideals 

Every C°°-ring £ has an underlying commutative R-algebra: 

Definition 2.6. Let £ be a C°°-ring. Then we may give £ the structure of 
a commutative M-algebra. Define addition on £ by c -I- c' = <i>/(c, c') for 
c, c' e £, where / : — >■ K is f{x, y) — x + y. Define multiplication ' • ' on £ by 
c- c' — $g(c, c'), where g : — > R is f{x, y) — xy. Define scalar multiplication 
by A G M by Ac $a'(c), where A' : M ^ M is \'{x) = \x. Define elements 
and 1 in £ by = $o'(0) and 1 = $r(0), where 0' : R° ^ R and 1' : R° ^- R 
are the maps 0' : i— > and 1' : 1. The relations on the $y imply that 
all the axioms of a commutative R-algebra are satisfied. In Example 12. 2[ this 
yields the obvious R-algebra structure on the smooth functions c : R. 

Here is another way to say this. In an M-algebra A, the n-fold 'operations' 
$ : A"" -> A, that is, all the maps A"" Awe can construct using only addition, 
multiplication, scalar multiplication, and the elements 0, 1 G ^, correspond ex- 
actly to polynomials p : M" — > M. Since polynomials are smooth, the operations 
of an M-algebra are a subset of those of a C°°-ring, and wc can truncate from 
C°°-rings to R-algebras. As there are many more smooth functions / : R" — ?> R 
than there are polynomials, a C°°-ring has far more structure and operations 
than a commutative R-algebra. 

Definition 2.7. An ideal / in £ is an ideal / C £ in £ regarded as a commu- 
tative R-algebra. Then we make the quotient £// into a C°°-ring as follows. If 
/ : K" ^ K is smooth, define : (£//)" ^ £// by 

($}(C1 +/,..., C„ + /)) {x) = f{ci{x),..., Cn{x)) + I. 

To show this is well-defined, we must show it is independent of the choice of 
representatives ci, . . . , c„ in £ for ci -I- /,..., Cn -I- / in £//. By Hadamard's 
Lemma there exist smooth functions gi : R^" — > R for « = 1, . . . , n with 

fivi, ■ • ■ , 2/n) - f{xi, . . . , a;„) = J2lLi{yi - Xi)gi{xi, . . . , x„, yi, . . . , y^) 
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for all Xi , . . . , , 2/1 , . . . , 2/„ S R. If c'^ , . . . , c^^ are alternative choices for ci , . . . , 
Cm so that c[ + I — Ci 1 for i — 1^ . . . ,n and — c,; S /, we have 

/(ci(x), . . . ,cj,(a;)) - /(ci(x),. . . ,c„(a;)) 

= - Ci)g^{c[{x), ...,c'^{x),ci{x),...,Cn{x)). 

The second line lies in / as — € / and / is an ideal, so $y is well-defined, 
and clearly (£//, ($j.)/:R™_j.K c^) is a C°°-ring. 

If £ is a C°°-ring, we will use the notation [fa : a e A) to denote the 
ideal in €. generated by a collection of elements /a, a e Am £, in the sense of 
commutative R-algebras. That is, 

(/q : a e A) = {I]"=i /a, • Ci : ^ 0, ai, . . . ,a„ G A, ci, . . . ,c„ e C}. 



Definition 2.8. A C°°-ring £ is called finitely generated if there exist ci, . . . , c„ 
in C which generate £ over all C°°-operations. That is, for each c € £ there 
exists smooth / : M" — M with c = $/(ci, . . . , c„). (Note that this is a much 
weaker condition than £ being finitely generated as a commutative R-algebra). 

By Kock m Prop. III.5.1], C°°(M") is the free C°°-ring with n generators. 
Given such £, ci, . . . , c„, define (j) : C°°{R") ^ £ by (j){f) = $/(ci, . . . , c„) for 
smooth / : R" R, where C°°{W) is as in Example O with X = R". Then 
^ is a surjective morphism of C°°-rings, so / = Ker0 is an ideal in C°°(R"), 
and £ = C°°(R")// as a C°°-ring. Thus, £ is finitely generated if and only if 
£ ^ C°°(R")/7 for some n > and ideal / in C°°(R"). 

An ideal / in a C°°-ring £ is called finitely generated if / is a finitely generated 
ideal of the underlying commutative R-algebra of £ in Definition 12.61 that is, 
I — (ii, . . . , ifc) for some ii, . . . , ifc G £. A C°°-ring £ is c&WeA finitely presented if 
£ ^ C°°(R")// for some n ^ 0, where / is a finitely generated ideal in C°°(R"). 
Given such £, n, I, choose generators ii, . . . ,ik G C°°(R") for /. Define : 



C°°(R'=) ^ C°°(R") by . • • ,a:„) = . . .,x„), ik{xi, . . . ,a:„)) 



for all smooth / : R — > R and xi, . . . ,Xn G R. Then is a morphism of 
C°°-rings, and 



is a pushout square in C°°Rings. Conversely, £ is finitely presented if it fits 
into a pushout square 

A difference with conventional algebraic geometry is that C°°(R") is not 
noetherian, so ideals in C°°(R") may not be finitely generated, and £ finitely 
generated does not imply £ finitely presented. 

Write C°°Rings''s and C°°Rings''P for the full subcate gories of finitely 
generated and finitely presented C°°-rings in C°° Rings. 



C°°(R") 



xi,...,Xk^O 



^£ 



(3) 
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Example 2.9. A Weil algebra [HI Def. 1.4] is a finite-dimensional commutative 
M- algebra W which has a maximal ideal m with W/m = K and m" = for 
some n> 0. Then by Dubuc Prop. 1.5] or Kock [H Th. III.5.3], there is a 
unique way to make W into a C°°-ring compatible with the given underlying 
commutative R-algebra. This C°°-ring is finitely presented Prop. III. 5. 11]. 
C°°-rings from Weil algebras are important in synthetic differential geometry, 
in arguments involving infinitesimals. See [6l §2] for a detailed study of this. 

2.3 C°°-local rings, and localization 

Definition 2.10. A C°°-ring £ is called a C°°-local ring if regarded as an R- 
algebra, as in Definition 12.61 £ is a local R-algebra with residue field R. That 
is, £ has a unique maximal ideal with C/m^ = R. 

If £,£> are C°°-local rings with maximal ideals mcmji, and : £ — > 2) is 
a morphism of C°° rings, then using the fact that C/m^ = R = D/m^ we see 
that (j)~^{mxi) = nxc, that is, t/i is a local morphism of C°°-local rings. Thus, 
there is no difference between morphisms and local morphisms. 

Remark 2.11. We use the term 'C°°-local ring' following Dubuc [13 Def. 2.13], 
though they are also called 'local C°°-rings' in Dubuc [TTl Def. 4]. Following 
[TUJITT], we include the condition that £ has residue field R in the definition 
of C°°-local ring. Moerdijk and Reyes omit this condition. They call 

local C°°-rings with residue field R pointed local C°° -rings in [33l §1.3] and 
Archimedean local C°° -rings in [31', §3]. 

Localizations of C°°-rings are studied in piIl[TTll5Tll32) . see [331 P- 23]. 

Definition 2.12. Let £ be a C°°-ring and S a subset of £. A localization 
£[s"^ : s G S*] of £ at 5" is a C°°-ring D = £[s"^ : s e 5] and a morphism 
71" : £ — >■ J) such that 7r(s) is invertible in 2) for all s £ S, with the universal 
property that if £ is a C°°-ring and : £ — > £ a morphism with ip{s) invertible 
in £ for all s € S, then there is a unique morphism "0 : S — >■ £ with cj) — o n. 

A localization £[s^^ : s G S] always exists — it can be constructed by 
adjoining an extra generator s^^ and an extra relation s • s^^ — 1 = for each 
s € S — and is unique up to unique isomorphism. When S — {c} we have 
an exact sequence ^ / ^ £ (8)00 C°°(R) £[c-i] 0, where £ (g)^ C°°(R) 
is the coproduct of £,C°°(R) as in i j2.1[ with pushout morphisms : £ — J' 
£ (8)00 C°°(R), i2 ■■ C°°(R) £ (800 C°°(R), and / is the ideal in £ (g)^ C°°(R) 
generated by ti(c) ■ L2{x) — 1, where x is the generator of C°°(R). 

An M.-point p of a C°°-ring £ is a C°°-ring morphism p : £ R, where 
R is regarded as a C°°-ring as in Example 12.31 By [531 Prop. 1.3.6], a map 
p : £ — )■ R is a morphism of C°° -rings if and only if it is a morphism of the 
underlying R-algebras, as in Definition 12.71 Define £p to be the localization 
£p = £[s~^ : s € £, p{s) ^ 0], with projection TTp : £ — ^ £p. Then £p is a 
C°°-local ring by ^ Lem. 1.1]. The R-points of C°°(R") are just evaluation 
at points p e R" . 
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Example 2.13. For n > and p G R", define C^(IR"') to be the set of germs 
of smooth functions c : — >■ R at p G R", made into a C°°-ring in the obvious 
way. Then C^(R") is a local C°°-ring in the sense of Definition l2.10l Here are 
three different ways to define C^(M"), which yield isomorphic C°°-rings: 

(a) Defining (R") as the germs of functions of smooth functions at p means 
that points of C^(R") are '^-equivalence classes [{U,c)] of pairs {U,c), 
where U C R" is open with p G U and c : U — >■ R is smooth, and 
([/, c) ([/', c') if there exists p eV CU DU' open with c|y = c'|y • 

(b) As the localization (C°°(R"))p = C°°(R")[g e C°°(R") ; g{p) ^ 0]. Then 
points of (C°°(R"))p are equivalence classes [f/g] of fractions //t/ for 
f,g & C°°(R") with ^ 0, and fractions J/^, f'/g' are equivalent if 
there exists h € C°°(M") with h{p) ^ and - f'g) = 0. 

(c) As the quotient C°°(M")//, where / is the ideal of / G C°°(R") with 
/ = nearp G R". 

One can show (a)-(c) are isomorphic using the fact that if U is any open neigh- 
bourhood oip in R" then there exists smooth rj : R" — >■ [0, 1] such that 7y = on 
an open neighbourhood of R" \ U in R" and 77 = 1 on an open neighbourhood 
of p in U. Any finitely generated C°°-local ring is a quotient of some C^(R"). 

2.4 Fair C°°-rings 

We now discuss an important class of C°°-rings, which we call fair C°°-rings. 
Although our term 'fair' is new, we stress that the idea is already well-known, 
being originally introduced by Dubuc [10], [H] Def. 11], who first recognized 
their significance, under the name 'C°°-rings of finite type presented by an ideal 
of local character', and in more recent works would be referred to as 'finitely 
generated and germ-determined C°°-rings'. We chose the term 'fair' for its 
brevity, as we will be using it a lot; the intention is to suggest that 'fair' Cu- 
rings are well behaved and nicer to work with than general C°°-rings, but 'good' 
C°°-rings in fj23]are even better. 

Definition 2.14. An ideal / in C°°(R") is called fair if for each / G C°°(R"), 
/ lies in I if and only if iTpif) lies in TTp{I) C Cp"(R") for ah p G R", where 
C;f(R") is as in Example ETEl and Wp : C°°(R") -> (R") is the natural 
projection tt^ : c 1— [(R",c)]. A C"^-ring £ is called fair if it is isomorphic 
to C"^(R")//, where / is a fair ideal. Equivalently, £ is fair if it is finitely 
generated and whenever c G £ with 7rp(c) = in £p for all M-points p : £ — > R 
then c = 0, using the notation of Definition 12.121 

Dubuc [To], [m Def. 11] calls fair ideals ideals of local character, and Mo- 
erdijk and Reyes |33[ 1.4] call them germ determined, which has now become the 
accepted term. Fair C°°-rings are also sometimes called germ determined Cu- 
rings, a more descriptive term than 'fair', but the definition of germ determined 
C°°-rings £ in |33l Def. 1.4.1] does not require £ finitely generated, so does not 
equate exactly to our fair C°°-rings. By Dubuc [101 Prop. 1.8], [HI Prop. 12] 
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any finitely generated ideal / is fair, so £ finitely presented implies £ fair. We 
write C°°Rings'''* for the full subcategory of fair C°°-rings in C°°Rings. 

Since C°°(R")// is fair if and only if / is fair, we have: 

Lemma 2.15. Lei / C C°°(R'"), J C C°°(R") be ideals with C°°(K")// ^ 
C°°(R")/J as -rings. Then I is fair if and only if J is fair. 

Recall from category theory that if C is a subcategory of a category V, a 
reflection R : V C is a. left adjoint to the inclusion C V. That is, i? : 2? — ^ C 
is a functor with natural isomorphisms Homc(i?(£'), C) = Ilomx>{D,C) for all 
C e C and D G V. We wih define a reflection for C°°Rings'''* C C°°Rings''s, 
following Moerdijk and Reyes [31 P- 48-49] (see also Dubuc dS Th. 13]). 

Definition 2.16. Let £ be a finitely generated C°°-ring. Let I(r be the ideal 
of all c e £ such that TTp{c) = in £p for all R-points p : £ M then c = 0. 
Then £//e; is a finitely generated C°°-ring, with projection tt : £ £/-^c- 
It has the same R-points as £, that is, morphisms p : £//c M are in 1-1 
correspondence with morphisms p' : £ — ^ R by p' = p o vr, and the local rings 
{€/Ic)p and £p' are naturally isomorphic. It follows that £//£ is fair. Define 
a functor i?g : C°°Ringsfs ^ C^Ringsf"* by i?|(£) = £//£ on objects, 
and if (/) : £ — ^ D is a morphism then </>(/(£) Q /j), so </> induces a morphism 
0* : £/Jc — ?> ^/Ixi, and we set i?fg(0) = It is easy to see Rf^ is a reflection. 

If / is an ideal in C°°(R"), write / for the set of / G C°°(R") with TTp{f) G 
■7Tp{I) for all p G M". Then / is the smallest fair ideal in C°°(R") containing /, 
the germ- determined closure of/, and i?|(C°°(R")//) ^ C°°(R")//. 

Example 2.17. Let 77 : R — [0, oo) be smooth with ri{x) > for x G (0, 1) and 

r){x) = for X <^ (0, 1). Define / C C°°(R) by 

I = {EaeA9a{x)v{x - a) : A C Z is finite, ga G C°°(R), a G A}. 

Then / is an ideal in C°°(R), so £ = C°°{R)/I is a C°°-ring. The set of 
/ G C°°(R) such that TTpif) lies in 7rp(/) C C^{R) for aU p G R is 

^ - {EaGE5a(a:)^(a: - a) : ffa G C-(R), a G Z}, 

where the sum X^aez ~ makes sense as at most one term is nonzero 

at any point x G R. Since / 7^ /, we see that / is not fair, so £ = C°°(R)// is 
not a fair C°° -ring. In fact I is the smallest fair ideal containing /. We have 

Ic^(^)/i = I /I, and i?|(C-(R)//) = C-(R)//. 

2.5 Good C°°-rings 

The following class of ideals in C°"(R") is defined by Moerdijk and Reyes [33l 
p. 47, p. 49] (see also Dubuc [lOj §1.7(a)]), who call them flat ideals: 

Definition 2.18. Let X be a closed subset of R". Define to be the ideal 
of all functions g G C°°(R") such that d^g\x = for aU fc ^ 0, that is, g and 
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all its derivatives vanish at each x & X. If the interior X° oi X in is dense 
in X, that is {X°) = X, then d''g\x = for all A: > if and only if g\x = 0. In 
this case C°°(K")/m^ ^ C°°(X) {f\x ■ f € C°°(R")}. 

Here is an example from Moerdijk and Reyes [331, Th. 1.1.3]. 

Example 2.19. Take X to be the point {0}. If/, /' G C°°(M") then /-/' lies in 
tn|^l if and only if /, /' have the same Taylor series at 0. Thus C°°(M")/m^j is 
the C°°-ring of Taylor series at of / S C°°(R"). Since any formal power series 
in xi , . . . , x„ is the Taylor series of some / G C°° (R" ) , we have C°° (R" ) /m^ j ^ 
R[[xi, . . . , Xn]]- Thus the R-algebra of formal power series K[[xi, . . . , Xn]] can 
be made into a C°°-ring. 

The following nontrivial result is proved by Reyes and van Que [371 Th. 1], 
generalizing an unpublished result of A. P. Calderon in the case X = Y = {0}. 
It can also be found in Moerdijk and Reyes [331 Cor. 1.4.12]. 

Proposition 2.20. Let X C R™ and F C R" 6e dosed. Then as ideals in 
C°°(R™+") we have (mf ,m??) = mf ^y. 

The next definition is new, so far as the author knows. 

Definition 2.21. An ideal / in C°°(R") is called good if it is of the form 
I = (/i,---,/fc,m;^) for some fi,...,fk e C°°(R") and closed X C R". A 
C°°-ring £ is called good if £ = C°°(R")// for some n ^ 0, where J is a good 
ideal. If / is finitely generated, then taking X = shows that / is good. If / is 
good then Moerdijk and Reyes j331 Cor. 1.4.9] implies that / is fair. 

Good C°°-rings have the following nice properties: 

(a) If X is a manifold, possibly with boundary or with corners, then C°°{X) 
is a good C°°-ring, as in ^ 

(b) Good C°°-rings are closed under finite colimits in C°°Rings, as in ^2.Q\ 

(c) The spectrum functor Spec from C°°-rings to affine C°°-schemes is full 
and faithful on good C°°-rings, as in 21 

(d) The cotangent module il^ of a good C°°-ring £ is a finitely presented 
£-module, as in fj5l 

Finitely presented C°°-rings do not satisfy (a), fair C°°-rings do not satisfy 
(b),(d), and finitely generated or arbitrary C°°-rings do not satisfy (c),(d). Write 
C°°RingsS° for the full subcategory of good C°°-rings in C°°Rings. Then 

C°°Rings^P C C°°RingsS° c C^Rings^"* C C°°Rings^s ^ c°°Rings. 

Here is an analogue of Lemma 12.151 

Proposition 2.22. Suppose I C C°°(R'") and J C C°°(R") are ideals with 
C°°(R™)// ^ C°°(R")/J as C^-nngs. Then I is good, or finitely generated, if 
and only if J is good, or finitely generated, respectively. 
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Proof. Write cj) : C°° (»")// ^ C°°(R")/J for the isomorphism, and a;i, . . . , a;™ 
for the generators of C°°(R'"), and j/i, . . . ,2/„ for the generators of C°°(R"). 
Since (/> is an isomorphism we can choose /i, . . . , € C°°(R") with (j){xi + I) = 
/, + J for i = 1, . . . , m and gi, . . . , 5„ e C°°(M") with ^(.g, + /) = j/^ + J for 
i = 1, . . . , n. Write g = (51, . . . , g„) : M" ^- M". Then 

+/)=/» + J = (yi, ... , Vn) + J = (2/1 + J, . . . , 2/„ + J) 

= (-^(ffl H9n + I)) - <^($/, (51, ■ • ■ , 5n) + , 

since and the projections C°°(M™) ^ C°°(]R™)//, C°°(R") ^ C°°(R")/J are 
morphisms of C°°-rings. So as (/< is injective we see that 

^i-^fii9i,---,9n) <^ I for i = 1, . . . ,m. (4) 

As / is the kernel of o tt : C°°(M'") ^ C°°(R")/J we see that 

/ = {e G C°"(R") : . . . , /™) e J}. (5) 

Let K be the ideal in C°°(R™) generated by a; — . . . , g„) for i = 1, . . . , m. 
Then if C / by (HI). Let e G C°°(R™). Then 

e + K ^ <^>e{xi, ...,X„,)+K^ <I>e(xi +K,...,Xra+K) 

= $e($/i(5l,---,.9n) +if,...,$/„(5l,...,5n) +if) 

= ^-el^/i (51, ■•■,5n), (ffl, +^ 

= (51, 5n) + -fS^- 

So by (O , if e G / then e + if = $/i((7i, . . . , gn) + for some h £ J. Conversely, 
if /i G J then — . . . ,sr„) G /. Hence 

/ = (xi - 5>/,(gi, . . ■,9n), i = l,...,m, and he J). (6) 

Suppose J is good, so that J = (/ii, . . . , /i;, my ) for some hi,..., hi G 
C°°(R") and closed Y C R". Define X = £/~^(F), a closed subset in R". Using 
Proposition 12.201 one can show that the ideal (g*(my )) in C°°(R") generated 
by g*(my ) is m^- Therefore (O gives 

/ = (a;j - . . ,5„), i = 1,. . for j 1,. . and m^), 

so / is good. Conversely, if / is good then J is good. If J is finitely generated 
we take F = 0, and then / is finitely generated, and vice versa. □ 

Example 2.23. The C°°-local ring C^f (R") of Example [2l3] is the quotient of 
C°°(R") by the ideal / of functions / with / = near p G M". For n > this / 
is fair, but not good. So C^(R") is fair, but not good, by Proposition l2.22l 

Moerdijk and Reyes [531 Cor. L4.19] prove: 

Proposition 2.24. Let X C R" be closed with X ^ 0,R". Then the ideal 
in C°°(R") is not countably generated. 
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Hence good ideals need not be finitely generated. With Proposition 12 . 22l this 
implies that good C°° -rings need not he finitely presented. 

Proposition 2.25. Let it he a C°°-ring, c G £, and £[c~^] he the localization 
of € at c. If £ is finitely presented, or good, then £[c~^] is finitely presented, 
or good, respectively. 

Proof. There is an exact sequence — > / — > C°°(M") £ —> as £ is finitely 
generated in both cases. Write xi, . . . ,x„ for the generators of C°°(M"), and 
let c = (j){e) for e £ C°°(R"). Then we have an exact sequence — > J — >■ 

C°°(M"+i) ^e:[c-i] ^ 0, where if we write the generators of C°°(R"+^) as 
xi, ...,Xn,y, then J = {ye[xi, . . . ,x„) - 1, f{xi, . . . ,a;„) : / G /). I f £ is good 
then / = {fi, . . . , fk, ^x) for some closed X C M". Proposition l2 . 201 then yields 

J = {ye{xi, . . . ,x„) - 1, fi{xi, . . .,Xn), • • .,fk{xi, ■ • • ,a;„), and itixxb)' 

where X x M C M"+^ is closed. Hence J, £[c~^] are good. If £ is finitely 
presented we take X = 0, and then £[c^^] is finitely presented. □ 

However, the following example taken from Dubuc [12j Ex. 7.2] shows that 
localizations of fair C°°-rings need not be fair: 

Example 2.26. Let £ be the C°°-local ring C^(M), as in Example[2T3l Then 
£ 9S C°°(M)//, where / is the ideal of ah / e C"=°(R) with / = near in R. 
This / is fair, so £ is fair. Let c = [(x,R)] £ £. Then the localization £[c~^] 
is the C°°-ring of germs at in R of smooth functions R \ {0} — )■ R. Taking 
y = as a generator of £[c~^], we see that £[c~^] = C°°(R)/J, where J is 
the ideal of compactly supported functions in C°°(R). This J is not fair, so by 
Lemma [2. 151 is not fair. 

2.6 Pushouts of C°°-rings 



Proposition 12.51 shows that pushouts of C°°-rings exist. For finitely generated 
C°°-rings, we can describe these pushouts explicitly. 

Example 2.27. Suppose the following is a pushout diagram of C°°-rings: 

£^-£ 

SO that 5" = S) JIc £, with £,2),£ finitely generated. Then we have exact 
sequences 

0^/-^C°°(R')^£^0, 0^ J-^C°°(R'") As^o, 
and O^if -^C°"(R")^£^0, 
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where (j),ip^x s-re morphisms of C°° -rings, and I, J,K are ideals in C°°(M'), 
C°°(R'"), C°°(R"). Write . . . , x; and yi, . . . , and zi, . . . , z„ for the gen- 
erators of C°°(R'), C°°(R™), C°°(R") respectively. Then 0(xi), . . . , (t>{xi) gen- 
erate €, and a o (/>(a;i), . . . , a o (/)(a;;) lie in S), so we may write a o (/)(a;i) = ■(/'(/i) 
for i = as ip is surjective, where : — )■ M is smooth. Similarly 

l3o(j)(xi), . . . , j5o(j)[xi) lie in €, so we may write l3o(f){xi) = xi9i) for i = 1, . . . ,1, 
where gi : R" — >■ R is smooth. 

Then from the explicit construction of pushouts of C°°-rings we obtain an 
exact sequence with ^ a morphism of C°°-rings 

0^ i C°°(R™+")^3'^ 0, (8) 

where we write the generators of C°°(R™^") as yi, . . . ,yjn, zi, . . . , Zn, and then 
L is the ideal in C°°(R™^") generated by the elements d{yi, . . . , y^) for d € 
J C C°°(R"), and e(zi,...,z„) for e € C C-(R"), and /.(yi, . . . , y„0 - 
ft(zi,...,2„) for i = 1,...,/. 

For the case of coproducts D (gjoo <£, with £ — R, / = and / ~ {0}, we have 

(C°°(R™)/J) (C°°(R")/i^) = C°°(R"+")/(J,i^). 



Proposition 2.28. T/ie subcategories C°°Ringsfs c°°RingsfP, C°°RingsS° 

are closed under pushouts and all finite colimits in C°°Rings. 

Proof. First we show C°°Rings*^8, C'^Rings'P, C°°RingsS° are closed under 
pushouts. Suppose Gi,D,<^ are finitely generated, and use the notation of Ex- 
ample [2?2Z1 Then 5^ is finitely generated with generators yi, . . . , j/m, zi, . . . , z„, 
so C°°Rings*^s is closed under pushouts. Suppose D, € are good. Then J = 
(di, . . . , dj, m??), = (ei, . . . , Gfc, mf') for r C R™, Z C R" closed. Proposition 
12.201 gives (my ,mf') = my^zi so by Example [2.271 we have 

L = {dpiyi,.. . ,2/™), _p 1, . . . ,j, ep(zi, . . .,Zn), p=l,...,k, 
/p(j/i,---,ym) -ffp(^i,---,2:n), P=i,---,l, and myx^). 

Thus i is good, so ^ is good, and C°°RingsS° is closed under pushouts. For 
2), £ finitely presented we take F = Z = 0, and then L is finitely generated, 
and ^ finitely presented, and C°°Rings^P is closed under pushouts. 

Finally, note that R is an initial object in C°° Rings and lies in C^Rings*^^, 
C'^Rings'P and C°°RingsS°, and all finite colimits may be constructed by 
repeated pushouts possibly involving the initial object. Hence C'^Rings'^s, 
C'^Rings'P, C°°RingsS° are closed under finite colimits. □ 

Here is an example from Dubuc [12, Ex. 7.1], Moerdijk and Reyes [33l p. 49]. 

Example 2.29. Consider the coproduct C°°(R) (E)oo C§°{R), where Cg°{E.) is 
the C°°-ring of germs of smooth functions at in R as in Example 12.131 Then 
C°°(R),C(f=(R) are fair C°°-rings, but C^(R) is neither finitely presented nor 
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good. By Example [1211 C°°(IR) (^oo Co°°(M) = C°° (K) Hr Cp"" (R) = C°°(R^)/L, 
where L is the ideal in C°°(M^) generated by functions f{x,y) = g{y) for g G 
C°°(M) with g = near S M. This ideal L is not fair, since for example one 
can find / G C°°(R^) with f{x, y) = if and only if \xy\ ^ 1, and then f ^ L 
but 7rp(/) e 7rp(L) C C^{B?) for aU p e M^^ Hence C°°(M) «)oo C-^f (M) is not a 
fair C°°-ring, by Lemma r2.15[ and pushouts of fair C°°-rings need not be fair. 

Our next result is referred to in the last part of Dubuc jTTJ Th. 13]. 

Proposition 2.30. C°°Rings'''^ is not closed under pushouts in C°°Rings. 

Nonetheless, pushouts and all finite colimits exist in C°°Rings*^, although they 
may not coincide with pushouts and finite colimits in C°°Rings. 

Proof. Example 12.291 shows that C°°Rings^'' is not closed under pushouts in 
C°°Rings. To construct finite colimits in C°°Rings*^, we first take the colimit 
in C°°Rings*s, which exists by Propositions 12.51 and 12.281 and then apply the 
reflection functor Rf^. By the universal properties of colimits and reflection 
functors, the result is a colimit in C^Rings^"*. □ 

3 The C°°-ring C°«(X) of a manifold X 

We now study the C°°-rings C°°{X) of manifolds X defined in Example l2.2l We 
are interested in manifolds without boundary (locally modelled on M"), and in 
manifolds with boundary (locally modelled on [0,cxd) x M"~^), and in manifolds 
with corners (locally modelled on [0, oo)'' x R""''). Manifolds with corners were 
considered by the author [20 , and we use the conventions of that paper. 

The C°° -rings of manifolds with boundary are discussed by Reyes 06] and 
Kock §111.9], but Kock appears to have been unaware of Proposition 12.201 
which makes C°°-rings of manifolds with boundary easier to understand. 

If X, Y are manifolds with corners of dimensions m, n, then [20l §3] defined 
f : X ^ Y to he weakly smooth if / is continuous and whenever (U, 0), (V, tp) 
are charts on X,Y then -0"^ o / o : (/ o 0)~^(-0(T/)) V is a. smooth map 
from (/ o (l))~^{tl;{V)) C M™ to C R". A smooth map is a weakly smooth 
map / satisfying some complicated extra conditions over d^X,d^Y in [20l §3]. 
If BY — these conditions are vacuous, so for manifolds without boundary, 
weakly smooth maps and smooth maps coincide. Write Man, Man*^, Man*^ 
for the categories of manifolds without boundary, and with boundary, and with 
corners, respectively, with morphisms smooth maps. 

Example 3.1. Let < fc ^ n, and consider the closed subset RJ! = [0, oo)'^ x 
R""'' in R", the local model for manifolds with corners. Write C°°(Rfe) for the 
C°°-ring {/Ik- : / G C°°(R")}. Since the interior (R^!)" = (0, oo)*^ xR""''' of R^ 
is dense in fif, as in Definition jSUl we have C°°(Rfe) = C°°(R")/m;^„. Hence 
C°°(Rfc) is a good C°°-ring, by Definition 12.211 Also, mf?. is not countably 
generated by Proposition 12.241 so it is not finitely generated, and thus C°°(R)!) 
is not a finitely presented C'°°-ring by Proposition l2.22l 
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Consider the coproduct C°°(R") (g)oo C°°(K") in C°°Rings, that is, the 
pushout C°°(M™) Hk C°°{R") over the trivial C°°-ring R. By Example [2J7] 
and Proposition 12 . 201 we have 

C°"(M^) C°°(Rr) - C°°(R'"+")/(m;^™,m;^„) = C°°(R™+")/m;^™^R„ 

This is an example of Theorem EH below, with X = M", F = M" and Z = {0}. 

Proposition 3.2. (a) If X is a manifold without boundary then the C°° -ring 
C°°{X) of Example 12.21 is finitely presented. 

(b) If X is a manifold with boundary, or with corners, and dX ^ 0, then the 
C°°-ring C°°{X) of Example 12.21 is good, but is not finitely presented. 

Proof. Part (a) is proved in Dubuc [HI p. 687] and Moerdijk and Reyes [33l 
Th. 1.2.3] following an observation of Lawvere, that if X is a manifold without 
boundary then we can choose a closed embedding i : X ^ for iV ^ 0, and 
then X is a retract of an open neighbourhood U of i{X), so we have an exact 
sequence ^ / ^ C°°(R^) ^ C°°(X) in which the ideal / is finitely 
generated, and thus the C°°-ring C°°{X) is finitely presented. 

For (b), if X is an n- manifold with boundary, or with corners, then we can 
embed X as a closed subset in an n-manifold X' without boundary, such that the 
inclusion X X' is locally modelled on the inclusion of R'^ — [0, oo)'' x R"^'' 
in R" for k ^ n. We can take X' diffeomorphic to the interior X° of X. Choose 
a closed embedding i : X' ^ for iV ^ as above, giving — > /' — >■ 

C°°(R^) Ac~(X') ^ with /' generated by /i,...,/fe € C°°(M^). The 
interior X° of X is open in X', so there exists an open subset U in R^ with 
i{X°) = Ur] i{X'). Therefore i{X) = U D i{X'). 

Let / be the good ideal (/i, . . . , /fe, m^) in C°°(R^). Since U is open in R^ 
and dense in U, as in Definition 12.181 we have g G if and only if gjp = 0. 
Therefore the isomorphism (i*), : C°°(R^)//' C°°{X') identifies the ideal 
///'_in C°°(X') with the ideal of / e C°°{X') such that f\x = 0, since X = 
i~'^{U). Hence 

C^{R^)/I9^C°"{X')/{feC'°{X') : f\x^O} = {f\x-feC°°{X')}=C°°{X). 

As / is a good ideal, this implies that C°°{X) is a good C°°-ring. If dX ^ then 
using Proposition 12 . 241 we can show / is not countably generated, so C°°(X) is 
not finitely presented by Proposition 12.221 □ 

Next we consider the transformation X i— > C^iX) as a functor. 

Definition 3.3. Write (C°°Rings)°P, (C°°RingsfP)°P, (C°°RingsS°)°P for 
the opposite categories of C°°Rings,C°°Ringsfp,C°°RingsS° (i.e. directions 
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of morphisms are reversed) . Define functors 

(C°°Rings^P)°P c (C°°Rings)°P, 
(C°°RingsS°)°P c (C°°Rings)°P, 
(C°°RingsS°)°P c (C°°Rings)°P 

as follows. On objects the functors -pMar?'"^** map X ^ C°°(X), where C°°(X) 
is a C°°-ring as in Example 12.21 On morphisms, if / : X — > F is a smooth map 
of manifolds then /* : C°°{Y) — > C°"{X) mapping c !-> c o / is a morphism 
of C°°-rings, so that /* : C°°(r) C°°(X) is a morphism in C°°Rings, and 
/* : C°°{X) ^ C°°(F) a morphism in (C°°Rings)°P, and i^Mrn^'"*"* map 
/ ^ r. Clearly ^^^^„^^"«^ F^I^'"^^ are functors. 

If / : X ^ r is only weakly smooth then /* : C°°(r) C°°(X) in Definition 
13.31 is still a morphism of C°° -rings. From [3^, Prop. 1.1.5] we deduce: 

Proposition 3.4. Let X, Y be manifolds with corners. Then the map f ^ f* 
from weakly smooth maps f : X ^ Y to morphisms of C°° -rings (j) : C°°{Y) — > 
C°°(X) is a 1-1 correspondence. 

Using the conventions of ^U\, in the category Man of manifolds without 
boundary, the morphisms are weakly smooth maps. So F^an^™^^ both injec- 
tive on morphisms (faithful) , and surjective on morphisms (full) , as in Moerdijk 
and Reyes [531 Th. 1.2.8]. But in Man*' , Man the morphisms are smooth 
maps, a proper subset of weakly smooth maps, so the functors are injective but 
not surjective on morphisms. That is: 

Corollary 3.5. The functor F^'^^''^^'' : Man -> (C°°RingsfP)°P is full and 
faithful. However, the functors F^'^^'"^'' : Man^ (C°°RingsS°)°P and 
^M^r^''^^^ : Man'^ ^ (C°°RingsS°)°P are faithful, but not full. 

Of course, if we defined Man'',Man'^ to have morphisms weakly smooth 
maps, then ^M^n^'"^**' -^Man^'"^** would be full and faithful. But this is not 
what we need for the applications in |22] . 

Let X, Y, Z be manifolds and f : X Z, g : Y ^ Z he smooth maps. If 
X, Y, Z are without boundary then /, g are called transverse if whenever x d X 
and y e y with f{x) = g{y) = z e Z we have T^Z = df{T^X) + dg{TyY). If 
/, g are transverse then a fibre product X XzY exists in Man. 

For manifolds with boundary, or with corners, the situation is more com- 
plicated, as explained in [20l §6]. In the definition of smooth / : X — )■ F we 
impose extra conditions over X, d^'Y, and in the definition of transverse /, g 
we impose extra conditions over X , d'^Y, Z . With these more restrictive 
definitions of smooth and transverse maps, transverse fibre products exist in 
Man"^ by ^20, Th. 6.3]. The naive definition of transversality is not a sufficient 
condition for fibre products to exist. Note too that a fibre product of manifolds 
with boundary may be a manifold with corners, so fibre products work best in 
Man or Man*^ rather than Man''. 



^C^ Rings . 

F, , b ^ : Man 
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Our next theorem is given in [TTl Th. 16] and [331 Prop. 1.2.6] for manifolds 
without boundary, and the special case of products Man x Man*' — >• Man'' 
follows from Reyes [321 Th. 2.5], see also Keck [231 §111.9]. It can be proved 
by combining the usual proof in the without boundary case, the proof of [201 
Th. 6.3], and Proposition [2201 

Theorem 3.6. The functors -FM^I^'"*^ -^Mrn^'"^"* 

preserve transverse fibre 

products in Man, Man°, in the sense of [5D, §6]. That is, if the following is a 
Cartesian square of manifolds with g, h transverse 

W -^Y 

\e h\ (10) 

X 

so that W = X Xgz.h Y, then we have a pushout square of C°° -rings 

c°°{z) — ^c°°(r) 

h' r\ (11) 

C°°{X) — ^C°°(M^), 
so that C^{W) = Ug,,c^(z)M' 

4 C°°-ringed spaces and C°°-schemes 

In algebraic geometry, if A is an affine scheme and R the ring of regular functions 
on A, then we can recover A as the spectrum of the ring R, A = Spec R. One of 
the ideas of synthetic differential geometry, as in [33[ §1] , is to regard a manifold 
M as the 'spectrum' of the C°°-ring C°°{M) in Example 12.21 So we can try to 
develop analogues of the tools of scheme theory for smooth manifolds, replacing 
rings by C°°-rings throughout. This was done by Dubuc [10,11 . The analogues 
of the algebraic geometry notions [17l §11.2] of ringed spaces, locally ringed 
spaces, and schemes, are called C°°-ringed spaces, local C°°-ringed spaces and 
C°°-schemes. Almost nothing in this section is really new, though we give more 
detail than our references in places. 

4.1 C°°-ringed spaces and local C°°-ringed spaces 

Definition 4.1. A C°° -ringed space X — {X^Ox) is a topological space X 
with a sheaf Ox of C°°-rings on X. That is, for each open set J7 C X we are 
given a ring Ox{U), and for each inclusion of open sets 1/ C t/ C X we are 
given a morphism of C°°-rings puv ■ Ox{U) — >■ Ox(y), called the restriction 
maps, and all this data satisfies the usual sheaf axioms [ITl §11.1], [TH §0.3.1]. 

A morphism /=(/,/*•): {X,Ox) of C°° ringed spaces is a 

continuous map f : X Y and a morphism : Oy f*{Ox) of sheaves 
of C°°-rings on Y . That is, for each open C/ C F we are given a morphism of 
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C°°-rings /"([/) : Oy{U) Oxif~'^{U)) satisfying the obvious compatibilities 
with the restriction maps puv in Ox and Oy- 

A local C°° -ringed space X — {X,Ox) is a C°°-ringed space for which 
the stalks Ox.x of Ox at x are C°°-local rings for all x G X. As in Remark 
12. m since morphisms of C°°-local rings are automatically local morphisms, 
morphisms of local C°°-ringed spaces {X,Ox), {Y,Oy) are just morphisms of 
C°°-ringed spaces, without any additional locality condition. Moerdijk et al. [3T1 
§3] call our local C°°-ringed spaces Archimedean C°° -spaces. 

Write C°°RS for the category of C°°-ringed spaces, and LC°°RS for the 
full subcategory of local C°°-ringed spaces. 

For brevity, we will use the notation that underlined upper case letters 
X,Y,Z,... represent C°°-ringed spaces {X,Ox),{Y,Oy),{Z,Oz),. ■ and un- 
derhned lower case letters f,g,... represent morphisms of C°°-ringed spaces 
(/, /*), (.9,. 9*), ■ • ■• When we write 'x G X' we mean that X = {X,Ox) and 
X E X. When we write 'U is open in X' we mean that U = {U,Ou) and 
X = (X, Ox) with [/ C X an open set and Ou = Ox\u- 

Example 4.2. Let X be a manifold, which may have boundary or corners. 
Define a C°°-ringed space X = {X,Ox) to have topological space X and 
Ox{U) = C°°{U) for each open subset U Q X, where C°°((7) is the C°°- 
ring of smooth maps c : C/ -H- M, and \i V Q U ^ X are open we define 
PUV : C°^{U) ^ C°°(y) by puv ■ c|y. 

It is easy to verify that Ox is a sheaf of C°°-rings on X (not just a presheaf), 
so X — {X,Ox) is a C°°-ringed space. For each x E X, the stalk Ox,x is the 
C°°-local ring of germs [(c, U)] of smooth functions c : AT — > K. at a; G X, as in 
Example 12. 13[ with unique maximal ideal mx.x = {[(c, U)] G Ox.x '■ c{x) = O} 
and Ox,x/'^x.x — IR- Hence X is a local C°°-ringed space. 

Let X, Y be manifolds and / : AT — > y a weakly smooth map. Define 
{X,Ox),{Y,Oy) as above. For ah open U C Y define p{U) : Oy{U) = 
C~(C/) ^ Oxif'^U)) = C°°{f-^{U)) by /»(C/) : c t-^ co / for ah c e C°°(C/). 
Then f^{U) is a morphism of C°°-rings, and /" : Oy — > f*{Ox) is a morphism 
of sheaves of C°°-rings on Y, so f — (/, f^) : {X, Ox) (Y, Oy) is a morphism 
of (local) C°°-ringed spaces. 

As the category Top of topological spaces has all finite limits, and the con- 
struction of C°°RS involves Top in a covariant way and the category C°° Rings 
in a contravariant way, using Proposition 12.51 one may prove: 

Proposition 4.3. All finite limits exist in the category C°°RS. 

Dubuc [m Prop. 7] proves: 

Proposition 4.4. The full subcategory LC°°RS of local C°° -ringed spaces in 
C°°RS is closed under finite limits in C°°RS. 

4.2 AfRne C°°-schemes 

We define a functor Spec : C°°Rings°P ^ LC°°RS, following Hartshorne [171 
p. 70], Dubuc [TUIITI] . and Aloerdijk, Que and Reyes [SJ. 
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Definition 4.5. Let £ be a C°°-ring, and use the notation of Definition 12.121 
Write X(r for the set of all M-points x of £. Then each c G £ determines a map 
c* : — ^ R by c* : x i-^ x{c). Let 7c be the smallest topology on X,f such that 
c, : Xc — >■ R is continuous for all c e £. That is, Tc is generated by the open 
sets (c,)~^(t/) for all c G £ and open t7 C M. Then X(r is a topological space. It 
is Hausdorff, since if xi ^ X2 & X^ then there exists c G £ with Xi{c) ^ X2{c), 
and then c* : X^ — > M is continuous and c*(a;i) ^ c^(x2)- 

For each open U C Xj; , define Ox^ {U) to be the set of functions s : C/ — >■ 
Usee/ '^^^'^ '^(^) ^ "^a; ^'^^ X £ U, and such that C/ may be covered by open 
sets V for which there exist c, e £ with x{d) ^ for all x e V, with s(x) = 
7''a;(c)7ra;(d)~-^ S £2; for all x G Define operations on Ox^ {U) pointwise in 
X £ U using the operations $/ on £2;. This makes Ox^ (U) into a C°°-ring. If 
V CU C X^ are open, the restriction map puv ■ Ox^ (U) Ox^ {V) mapping 
puv : s s|y is a morphism of C°°-rings. 

It is then easy to see that Ox^ is a sheaf of C°°-rings on X(r. The stalk 
Ox^,x at a; G X is isomorphic to <tx, which is a C°°-local ring. Hence (XcOg;) 
is a local C°°-ringed space, which we call the spectrum of £, and write as Spec £. 

Now let : £ 3 be a morphism of C°°-rings. Define : X^i X(r 
by fcf,{x) — X o (p. Then is continuous. For U C X,r open define f^{U) : 
OxAU) ^ OxAU'm by fliU)s : x ^ where 0, : £/,(,, ^ 

Da; is the induced morphism of C°°-local rings. Then /| : Ox^ (/(/))* (Cxj,) 

is a morphism of sheaves of C°°-rings on Xc, so = {f,p,f^) ■ {X^,0^) — )■ 
(XcOg:) is a morphism of local C°°-ringed spaces. Define Spec^ : Spec 33 — >■ 
Spec £ by Spec (j) = U- Then Spec is a functor C°°Rings°P ^ LC°°RS, which 
preserves limits by Dubuc ITT| p. 687]. 

The global sections functor F : LC°°RS C°°Rings°P acts on objects 
iX,Ox) by F : {X,Ox) ^ OxiX) and on morphisms (/,/») : {X,Ox) -> 
(F,Ox) by F : (/,/«) /«(y). As in Dubuc [n Th. 8] or Moerdijk et 
al. [nil Th. 3.2], F is a left adjoint to Spec, that is, for all £ G C°°Rings and 
X G LC°°RS there are functorial isomorphisms 

Home-Rings (£,F(X)) - HomLc~Rsa,Spec£). (12) 

For any C°°-ring £ there is a natural morphism of C°°-rings <&£ : £ — ^ F(Spec £) 
corresponding to idx in (fT2|) with X = Spec£. 

Remark 4.6. Our definition of the spectrum Spec £ agrees with Dubuc [TUIITT] . 
and with the Archimedean spectrum of [311 §3]. Moerdijk et al. j311 §1] give a 
different definition of the spectrum Spec £, in which the points are not M-points, 
but 'C°°-radical prime ideals'. 

Example 4.7. Let X be a manifold. It is easy to see that the local C°°-ringed 
space X constructed in Example 14.21 is naturally isomorphic to SpecC°°(X). 

Now suppose £ is a finitely generated C°°-ring, with exact sequence — )■ 
I ^ C°°(R")^£ 0. Define a map (j)^ : X^ hy cj)^ : z ^ {z o 
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(j){xi), . . . , z o (j){xn)), where xi,. . . ,Xn are the generators of C°°(R"'). Then (j)^ 
gives a homeomorphism 

0, : Xe- = {(xi, . . . ,x„) € : /(xi, . . . , a;„) = for all / G /}, (13) 

where the right hand side is a closed subset of R". So the topological spaces 
in Spec £ for finitely generated £ are homcomorphic to closed subsets of R". 
Comparing the definitions of Spec and the refiection we can show: 

Proposition 4.8. Let <t he a fair C°°-ring. Then r(Spec£) is an 

isomorphism. More generally, if £ is a finitely generated C°° -ring then Specff 
is naturally isomorphic to Speci?[g(£), using the notation of Definition [^TTCl 
and r(Spec£) is naturally isomorphic to i?fg(£), and : 2! — J" r(Spec£) is 
identified with the natural surjective projection £ — > Rf^{C). 

This is a contrast to conventional algebraic geometry, in which r(Speci?) = 
R for arbitrary rings R, as in [T71 Prop. II. 2. 2]. If £ is not finitely generated 
then : C r(Spec £) need not be surjective, so r(Spec £) can be larger than 
£. Proposition 14.81 shows that for general C°°-rings £ the functor Spec loses 
information about £, so Spec is neither full nor faithful, but for fair C°°-rings 
Spec loses no information up to isomorphism, so as in Th. 13] we have; 

Theorem 4.9. The functor Spec : (C°°Rings^'")°P ^ LC°°RS is full and 
faithful. Hence Spec : (C°°RingsS°)°P ^ LC°°RS, Spec : (C°°RingsfP)°P ^ 
LC°°RS are also full and faithful, since (C°°RingsfP)°P C (C°°RingsS°)°P c 
(C°°Rings'^)°P are full subcategories. 

In the obvious way we define affine C°° -schemes. 

Definition 4.10. A local C°°-ringed space X is called an affine C°° -scheme 
if it is isomorphic in LC°°RS to Spec £ for some C°°-ring £. We call X a 
finitely presented, or good, or fair, affine C°°-scheme if X = Spec £ for £ that 
kind of C°°-ring. Write AC°°Sch, AC°°SchfP, AC°°Schs°, AC°°Sch*'=^ for 
the full subcategories of affine C°°-schemes and of finitely presented, good, and 
fair, affine C°°-schemes in LC°°RS respectively. Then Theorem 14.91 implies 
that Spec : (C°°Rings*''*)°P — > AC^Sch*^^ is an equivalence of categories, and 
similarly for AC°°SchfP, AC°°Schs°. 

We did not define finitely generated affine C°°-schemes, because they coin- 
cide with fair affine C°°-schemes, as Proposition 14.81 implies. 

Corollary 4.11. Suppose £ is a finitely generated C°°-ring. Then Spec £ is a 
fair affine C°° -scheme. 

Theorem 4.12. The full subcategories AC'^Sch'^P, AC°°Schs°, AC°°Schf'^, 
AC°°Sch are closed under all finite limits in LC°°RS. Hence, fibre products 
and all finite limits exist in each of these subcategories. 
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Proof. AC°°Sch is closed under small limits in LC°°RS as small limits exist 
in (C°°Rings)°P by Proposition 12.201 and Spec preserves limits by [TTl p. 687]. 
Fibre products and all finite limits exist in (C°°Rings'^^)°P by Proposition 
12.301 although they may not coincide with fibre products and finite limits in 
(C°°Rings)°P. The subcategories (C°°Rings''P)°P, (C°°RingsS°)°P are closed 
under fibre products and finite limits in (C°°Rings)°P by Proposition l2.281 and 
hence under fibre products and finite limits in (C°°Rings'^^)°P. By Dubuc (TTJ 
Th. 13] the functor Spec : (C°°Rings'''^)°P -J> LC°°RS preserves limits. (Here 
we mean limits in (C°°Rings'''^)°P, rather than limits in (C°°Rings)°P.) 

Let X,y,Z be finitely presented, or good, or fair, affine C°°-schemes, and 
f ■ X ^ Z, g : F— Z be morphisms in LC°°RS. Then we have isomorphisms 

X = Spece:, r^SpecS, Z?^Spec£ in LC°°RS, (14) 

where are finitely presented, or good, or fair, C°°-rings, respectively. 

Since Spec : (C°°Ringsf'^)°P ^ LC°°RS is fuU and faithful by Theorem Sll 
there exist unique morphisms of C°° -rings >£, ViS^S such that (fH|) 

identifies / with Spec0 and g with Spec!/). Then [llj Th. 13] implies that 

X Xf,z.gY= Spec£ X Spec 0, Spec ii\Spoc-0 Spec 2) = Spec(G: U^.e,^ S), 

where £ Ilg T) is the pushout in C^Rings*^^ rather than in C°°Rings. Then 
Cllg J) is finitely presented, or good, or fair, respectively, since (C°°Rings^P)°P, 
(C°°RingsS°)°P are closed under fibre products in (C°°Rings*''*)°P. Hence 
X Xz Y is finitely presented, or good, or fair, respectively, and AC°°Sch^P, 
AC°°Schs°, AC°°Schf^ are closed under fibre products in LC°°RS. Since 
SpecR is a terminal object, we see that AC^Sch^P, AC°°Schs°, AC°°Schf'" 
are also closed under finite limits in LC°°RS. □ 

Definition 4.13. Define functors 

AC°°Sch*'P c AC°°Sch, 
AC°°Schs° c AC°°Sch, 
AC°°Schs° c AC°°Sch, 

by F^T^""^ = SpecoF^~^'"^^ in the notation of Definitions [Sj and gS] 

By Example 14. 7[ if X is a manifold with corners then F^^^J^^{X) is natu- 
rally isomorphic to the local C°°-ringed space X in Example 14.21 

If X, Y, . . . are manifolds, or /, .g, . . . are (weakly) smooth maps, we may use 
X,Y, . . . , f, g, . . . to denote FMa^'^'^^i'^^ Y, . . . , f, g, . . .). So for instance we wiU 
write 1" and [0,oo) for i^^SIrf and F^'^^^''^{[0,oo)). 

By Corollary [331 Theorems [S3] and [ID and Spec : (C°°Rings*'^)°P 
LC°°RS preserving fibre products, we find as in Dubuc [11, Th. 16]: 

Corollary 4.14. Fj^^rf'^'" : Man ^ AC°°SchfP C AC°°Sch is a full and 
faithful functor, and F^'^^^''^ : Mar& AC°°Schs° C AC°°Sch, F^'^^J'^ : 



F^J^"" : Man 
F^T^f^ : Man<^ 
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Man'^ AC°°Sch8° C AC°°Sch are both faithful functors, but are not full. 
Also these functors take transverse fibre products in Man, Man'^ to fibre prod- 
ucts in AC°°SchfP, AC°°Schs°. 

In Definition 12 .81 we saw that a C°°-ring £ is finitely presented if and only if 
it fits into a pushout square ([3]) in C°°Rings. Applying Spec, which preserves 
fibre products, implies: 

Lemma 4.15. A C°° -ringed space X is a finitely presented affine C°° -scheme 
if and only if it may be written as a fibre product in C°°RS : 



X 



{0} 



where cj) : — )■ R'^ is a smooth map, and : {0} — > R'" is the zero map. 

Our next two results show that AC°°Sch''P, AC°°Schs° and AC^Sch^"^ 
are closed under taking open subsets. 

Definition 4.16. Let {X,Ox) be a C°°-ringed space, and J7 C X an open 
subset. A characteristic function for J7 is a morphism of C°°-ringed spaces 
/ = (/, /«) : (X, Ox) ^ 1 = (R, Or) such that U ^ {x C X : f{x) ^ 0}. 

Let £ be a C°°-ring, and c € £. Define : C°°(R) £ by Ac(/) = $/(c) 
for all smooth / : R — ^ R. Then Ac is a morphism of C°°-rings, so Spec Ac : 
Spec £ Spec C°°(R) — (R, Or) is a morphism of affine C°°-schemes. Hence if 
the C°°-ringed space {X, Ox) is Spec £ then elements c S £ generate morphisms 
of C°°-ringed spaces /c — Spec(Ac) : {X,Ox) — >■ R. The characteristic functions 
we consider will always be of this form for c G £. 

Proposition 4.17. Let {X,Ox) be a fair affine C°° -scheme. Then every open 
U Q X admits a characteristic function. 

Proof. By definition {X, Ox ) — Spec £ = (X^ , Ox^ ) for some finitely generated 

C°°-ring £, which fits into an exact sequence ^ / C°°(R")^£ 0. 
Thus X is homeomorphic to X^, which is homeomorphic to the closed subset 
X^ in R" given in Let [/ C X be open, and U' be the open subset of X^ 
identified with U by these homeomorphisms. As X^ has the subspace topology, 
there exists an open V C R" with U' = V'nX^. 

Every open subset in R" has a characteristic function, [33l Lem. LI. 4]. Hence 
there exists /' G C°°(R") with = {x G R" : /'(x) 7^ O}. Definition HIH gives 
a morphism SpecA^(//) : Spec£ R. Let (/,/") : {X,Ox) (R, Or) be the 
morphism identified with SpecA^jy) by the isomorphism (X,Ox) — Spec£. 
Then f : X R is identified with flxt ■ ^ by the homeomorphisms 

A ^ Xff = A^. As U is identified with L/' = {x G A^ : f'{x) 7^ O}, it follows 
that U = {x G A : f{x) 7^ 0}, so (/, /") is a characteristic function for U . □ 
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Proposition 4.18. Let {X,Ox) be a finitely presented, or good, or fair, affine 
C°° -scheme, and U Q X he an open subset. Then {U,Ox\u) is also a finitely 
presented, or good, or fair, affine C°° -scheme, respectively. 

Proof. As {X, Ox) is fair, there exists a characteristic function / : [X, Ox) — > M. 
for U by Proposition l4.17l Consider the fibre product 



in LC°°RS, where z : M \ {0} ^ M is the inclusion, and i : M \ {0} ^ M is 
the image morphism of affine C°°-schemes under F^^^^'^^. Since M \ {0} = 
(R \ {0}, C'r|r\{o}), it follows on general grounds that p5)) is isomorphic to 
lu,Ox\u)- But R,IR \ {0} are manifolds without boundary, so 1,R\ {0} lie 
in AC°°Sch*'P, AC°°Sche°, AC°°Sch*''^, which are closed under fibre products 
by Theorem l4.12l Thus if {X, Ox) is a finitely presented, or good, or fair, affine 
C°°-scheme then so is (fT5)) . and hence so is {U, Ox\u)- □ 

Note that this is better than the situation in conventional algebraic geometry, 
where for instance is an affine C-scheme, but its open subset C^\{0} is not an 
affine C-scheme. This is because characteristic functions need not exist for open 
subsets of affine C-schemes. The ideas of the last two propositions are illustrated 
by the following expression for the C°°-rmg C°°{U) for open U C R", proved 
by Dubuc [IHl Cor. 1.14], [HI Cor. 15] and Moerdijk and Reyes [33l Lem. 1.1.4, 
Cor. 1.2.2]. 

Example 4.19. Let U be an open subset in R". Then U has a characteristic 
function /, that is, there exists / e C°°(R") such that U = /"^(R \ {0}), and 



For general affine C°°-schemes {X,Ox) — SpecC, open subsets {U,Ox\u) 
need not be affine C°°-schemes, but we can say the following. A principal 
open subset is one of the form Uc = {x G X : x{c) ^ 0} for some c G £. 
They are closed under finite intersections, since Uc^ H • • • n [/c„ = [/ci...c„. Also 
{Uc,Ox\v^ — Spec£[c~^], so principal open subsets of affine C°°-schemes are 
affine. Since principal open subsets generate the topology on X, every open 
subset in X is a union of principal open subsets. Thus we deduce: 

Lemma 4.20. Let {X,Ox) be an affine C°° -scheme, and U Q X an open 
subset. Then U can he covered by open subsets V QU .such that {V,Ox\v) is 
an affine C°° -scheme. 

Our next result describes the sheaf of C°°-rings Ox in Spec £ for £ a 
finitely generated C°°-ring. It is a version of [17j Prop. 1.2.2(b)] in conven- 
tional algebraic geometry, and reduces to Moerdijk and Reyes Prop. 1.1.6] 
when £ = C°°(R"). 



(15) 



C°°({/)-C°°(R"+i)/(a;„+i/(, 



,...,a;„)- l). 
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Proposition 4.21. Let € be a finitely generated C°°-ring, write {X,Ox) = 
Spec £, and let U Q X be open. By Proposition 14.171 we may choose a char- 
acteristic function f : {X, Ox ) M for U of the form f — Spec Ac for some 
c G C Then there is a canonical isomorphism Ox{U) = i?[g(£[c^^]), in the 
notation of Definitions 12.121 and 12.161 // £ is finitely presented, or good, 
then Ox{U) = <t[c-^]. 

Proof. We have morphisms of C°°-rings Ac : C°°(M) £ and i* : C°°(M) 
C°°(R\{0}), and C°°(R), C°°(R\{0}) are finitely presented C°°-rings by Propo- 
sition [32Ia) • So as Spec preserves limits in (C°°Rings*'s)°P we have 

Spec(e:nA^,coc(R),,. {O})) ^ SpecC x^,K,R\{0}^ {U,Ox\u)- 

But £ nc-(R) C°°(M \ {0}) G:[c-1] for formal reasons. Thus Proposition IM] 
gives Ox{U) = T{{U,Ox\u)) = Rf^{€[c'^]). If € is finitely presented, or good, 
thene:[c-^] is too by Propositiond^Sl so£[c"i] is fair and i?|(e:[c~i]) <t[c^\ 
and therefore Ox = e:[c"^]. □ 

4.3 Locally finite sums in fair C°°-rings 

We discuss infinite sums in fair C°°-rings, broadly following Dubuc |12) . 

Definition 4.22. Let £ be a C°°-ring, and write {X,Ox) — Spec£. Consider 
a formal expression X^asA'^f "where A is a (usually infinite) indexing set and 
Ca € £. We say that X^aeA ^ locally finite sum if X can be covered by open 
sets U C X such that for all but finitely many a e ^ we have Tr^ica) = in C^, 
for all X & U, or equivalently, pxu ° $e(ca) = in Ox{U). 

If XasA ^a- ^ locally finite sum, we say that c G £ is a limit of XaeA '^^j 
written c = XoeA^a, if 7r:r(c) = XaeA '^^(<^i) for all x eX, where XaGA'^a;(ca) 
makes sense as there are only finitely many nonzero terms. For general £ limits 
need neither exist, nor be unique. In C°°(M"), every locally finite sum Xie/ '^i 
has a unique limit, defined pointwise. 

Suppose the topological space X is locally compact. (This is automatic if £ 
is finitely generated, since X is homeomorphic to a closed subset of M".) Then 
we can express locally finite sums in terms of a topology on £. For each c G £ 
and each compact subset S Q X, define Uc,s to be the set of c' G £ such that 
T^x{c') = TTx{c) in €x for all a; G 5. We think of Uc^s as an open neighbourhood 
of c in £. Let £ have the topology with basis Uc^s for all c, S. Then c = J2T=i 
is equivalent to c = limAr_^oo(X^i ^a) in this topology on £. 

Let c G £. Define the support supp c of do be the set oi p ^ X such that 
the projection Cp = T^p{c) to the C°°-local ring £p in Definition [2J2] is nonzero. 
Then suppc is closed in X. li U C X is open, we say that c G £ is supported 
on U if supp c(^U. 

Let {Ua ■ a G A} be an open cover oi X. A partition of unity in £ subordinate 
to {Ua : a G A} is {r]a : a & A} with 77a G £ supported on Ua for a £ A, such 
that J2aeA is a locally finite sum in £ with J2aeA = 1 in £. 
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If we just say {r]a '■ a G A} is a partition of unity in £, we mean that X^aeA 
is a locally finite sum in £ with J2aeA Va — ^■ 

Following Dubuc [T^, it is now easy to prove: 

Proposition 4.23. (a) An ideal I in C°°(M") is fair if and only if it is closed 
under locally finite sums. 

(b) Let € be a fair C'°°-ring. Then every locally finite sum X^aeA '^a *^ ^ ^'^^ 
a unique limit. 

(c) Let € be a fair C°°-ring, {X,Ox) = Spec£, and {Ua ■ a G A} be an open 
cover of X. Then there exists a partition of unity {rja : a G A} in € subordinate 
to {Ua-. ae A}. 



4.4 General C°°-schemes 

As in conventional algebraic geometry [ITl §11.2], we define a C°° -scheme to be 
a local C°°-ringed space covered by affine C°°-schemes. 

Definition 4.24. Let X — {X,Ox) be a local C°°-ringed space. We call X a 
C°°-scheme if X can be covered by open sets U C X such that {U,Ox\u) is 
an affine C°°-scheme. We call a C°°-scheme X locally fair, or locally good, or 
locally finitely presented, if X can be covered by open U C X with ([/, Ox\u) a 
fair, or good, or finitely presented, affine C°°-scheme, respectively. 

We call a C°°-scheme X separated if the underlying topological space X is 
Hausdorff. Affine C°°-schemes are always separated. 

Write C°°Sch'^C°°Sch's,C°°Sch'fP,C°°Sch for the full subcategories 
of locally fair, and locally good, and locally finitely presented, and all, C°°- 
schemes, respectively. Our categories of spaces so far are related as follows: 



Man 



Man"^ 




AC°°Schfp AC°°Schs° — AC°°Schf'^ -r^ AC°°Sch C°°RS 

ic Ic Ic 



C°°Sch'^P 



-^C°°Sch's — 



C°°Sch 



If . 



c 



C°°Sch 




LC°°RS. 



Ordinary schemes are much more general than ordinary affine schemes, and 
central examples such as CP" are not affine schemes. However, affine C°°- 
schemes are already general enough for many purposes, and constructions in- 
volving affine C°°-schemes often yield affine C°°-schemes. For example: 

• All manifolds are affine C°°-schemes. 

• If a C°°-scheme X is Hausdorff and can be covered by finitely many fair 
affine C°°-schemes, one can show X is a fair affine C°°-scheme. 

• Let X be a locally fair C°°-scheme with X Hausdorff and paracompact. 
Then one can prove X is an affine C°°-scheme. 
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From Proposition 14. 181 and Lemma [4.201 we immediately deduce: 

Proposition 4.25. Let {X,Ox) be a locally finitely presented, locally good, 
locally fair, or general, C°° -scheme, and [/ C X 6e open. Then {U,Ox\u) 
is also a locally finitely presented, or locally good, or locally fair, or general, 
C°° -scheme, respectively. 

Here is the analogue of Theorem 14.121 

Theorem 4.26. The full subcategories C°°Sch"'P, C^Sch^s, C°°Sch"' and 
C°°Sch are closed under all finite limits in LC°°RS. Hence, fibre products 
and all finite limits exist in each of these subcategories. 

Proof. We first show C°°Sch'^P, . . . , C°°Sch are closed under fibre products. 
Let / : X Z, g : Y ^ Z he morphisms in one of these categories and 
W = Xf,z,gYbe the fibre product in LC°°RS, with projections ttx ■ W ^ 2£, 
Hy ■ ~Y. Write W = {W, Ow), f = (/, and so on. Let w eW, and 

set X — TTxiw) £ X, y — nyiw) £ Y and z = f{x) — g{y) £ Z. Choose V Z 
with z e F and {V,Oz\v) in AC°°Sch^P, . . . , AC°°Sch respectively. Then 
f-^{V) is open in X so {f-^{V),Ox\f-i(v)) lies in C^Sch'^P, . . . , C°°Sch 
by Proposition 14.251 Thus we may choose T C f~^{V) open with x £ T and 
{T,Ox\t) in AC°°SchfP, . . . , AC°°Sch, and similarly we choose U C g-^(V) 
open with y e J7 and (U, Oy\u) in AC°°SchfP, . . . , AC°°Sch. 

Let S = 7r^^(r)n7ry^(J7). Then S is an open neighbourhood oiw in W , and 
{S, Ow\s)^{T, Ox\t) X [v,Oz\v) (U. Oy\u)- But AC°°Schfp, . . . , AC°°Sch are 
closed under fibre products in LC°°RS by Theorem I4.12[ so {S,Ow\s) lies in 
AC°°SchfP, AC°°Schs°, AC^Sch^"^ or AC°°Sch respectively As W can be 
covered by S, W lies in C°°Sch'fP, C°°Sch's, C^Sch^^ or C°°Sch. Hence 
C°°Sch"^P, . . . , C°°Sch are closed under fibre products in LC°°RS. They are 
also closed under finite limits, as in the proof of Theorem 14. 121 □ 

We can generalize the material in §4.3l on partitions of unity for fair C°°-rings 
and fair affine C°°-schemes to locally fair C°°-schemes. 

Definition 4.27. Let X — {X,Ox) be a C°°-scheme. Consider a formal sum 
J2a£A^a, where A is an indexing set and Ca £ Ox{X) for a £ A. We say 
Z^agA 1^ ^ locally finite sum on X if X can be covered by open U Q X such 
that for all but finitely many a £ A we have pxu{ca) = in Ox{U). 

By the sheaf axioms for Ox, if Tlia^A i^ ^ locally finite sum there exists 
a unique c £ Ox{X) such that for all open C/ C X such that pxu{ca) = 
in Ox{U) for all but finitely many a £ A, we have pxuic) = '^aeAPxuica) 
in Ox{U), where the sum makes sense as there are only finitely many nonzero 
terms. We call c the limit of X^ogA written X^ogA ~ 

Let c £ Ox{X). Define the support suppc of c to be the set oi x £ X such 
that the projection Cx of c to the stalk Ox,x of Ox at x is nonzero. Then supp c 
is closed m X. liU Q X is open, we say that c is supported in U if supp c C U. 

Let {Ua ■ a £ A} be an open cover of X. A partition of unity on X 
subordinate to {Ua : a £ A} is {r]a : a £ A} with rja £ Ox{X) supported on Ua 
for a £ A, such that J^aeA 1^ ^ locally finite sum on X with J^aeA Va ~ ^■ 
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Proposition 4.28. Suppose X is a separated, paracompact, locally fair C°°- 
scheme, and {Ua : a € A} an open cover of X. Then there exists a partition of 
unity {rja : a S A} on X subordinate to {Ua a ^ A\. 

Proof. Since X is locally fair, each Ua is locally fair, so we can choose an open 
cover {Uab '■ b e Ba} of Ua for each a E A such that Uab is a fair affine C°°- 
scheme. Let C = {(a, 6) : a E A, b & Ba}- Then {Uab '■ (a, 6) € C} is an open 
cover of X, which is paracompact. Therefore we may choose a locally finite 
refinement : (a, S C} of {Uab '■ {o-^b) € C}. That is, Vab Q Uab is open 
for all a, b, and IJ^^ b)ec ^"-^ ~ ^ ^ ^'^'^ each x E X has an open neighbourhood 
Wx in X with Wx H Vab 7^ for only finitely many (a, h) G C. 

Fix (a',fe') e C. ThenX = K'6'UU(„,,fc,)^(„,;,)gc Therefore X\K'6' and 
''^\ (U(a' h')/(a 6)gC ^a^) disjoint closed subsets in X. As X is paracompact 
and Hausdorff it is a normal topological space, so these disjoint closed sets have 
disjoint open neighbourhoods in X. Hence we can choose open C X such 
that X \ (U(a',b')#(a,b)ec ^ab) C 1/',^, and V^a'b' n {X \ Va'v) = 0, where V^a'b' is 
the closure of VJ/^/ in X . Taking complements shows that V'a'b' ^ Va'b' ^ Ua'b' 

and U U(a',&')#(a.&)Gc"^'«b = ^• 

Thus, if we replace Va'v by F^',^, C Va'b'i then {Vab : (a, 6) e C} is stiU 
a locally finite refinement of {Uab ■ (a, G C}, which has the extra property 
that the closure Va'b' of Va'b' in X lies in Ua'b'- By choosing a well-ordering 
^ of C and making Vab smaller for (a, 6) G C in this way in the order ^, by 
transfinite induction we see that we can choose the locally finite refinement 
{Vab ■■ (a, b) e C} such that Vab Q Uab for ah (a, b) G C. 

Let (a, 6) € C. Then 14;, is open in the fair afRne C°°-scheme Uab, so by 
Proposition 14.171 there exists a characteristic function fab G Ox (Uab) for Vab- 
That is, fab{x) 7^ for a; G Vab and fab{x) = for x € Uab\Vab- The construction 
also implies that the support supp /ab of fab is T^ob. Since the closures of Vab 
in t/ab and X agree, we may extend fab by zero over X \ Uab to give a unique 

9ab G C'x(-'«^) with PXUabidab) = fab and supp C/ab = supp /ab = Vab- 

Consider the sum ^^^^ t;^;, in Ojc (X). It is locally finite as {Vab : (a, 6) G 
C} is locally finite and suppg^^ C Vab- Thus b)ec 9ab ^ some unique 
c G Ox{X). li X E X then a; € l^b for some (a, &) G C as [j^^ j^j^p Vab = X, so 
5ab(2^) = /ab(a;) ^ 0, and gab{xY > 0. Therefore 0(2:) I](a,b)GC 5ab(a:^)^ > 
for all X £ X. So c is invertible in Ox{X). Define rja G Ox{X) for each a E A 
by ?7a = • J2beB 9ab- This is a locally finite sum, and so well defined. As 
suppg^;, C Vab C Uab C Ua for aU b E Ba, we see that supp 77a C C/a. Also 

J2a£A '^a = Z^aGyl ^ ' SbeS„ 9ab — ^ • C = 1. 

Thus {77a : a G A} is a partition of unity on X subordinate to {Ua ■ a E A}. □ 
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5 Modules over C°°-rings 

Next we discuss modules over C°°-rings. The author knows of no previous work 
on these, so all this section may be new, ahhough much of it is a straightforward 
generaUzation of weh known facts about modules over commutative rings. 

5.1 Modules 

Definition 5.1. Let £ be a C°°-ring. A module {M,ii) over £, or ^-module, is 
a module over £ regarded as a commutative M-algebra as in Definition l2.7l That 
is, M is a vector space over M equipped with a bilinear map /i : £ x M — > M, 
satisfying /i(ci • C2,m) = /i(ci, /x(c2, m)) and fj.{l,rn) = m for all ci,C2 € £ and 
m G M. A morphism a : (M,/i) (M',//) of C-modules (M,/x), {M',fj,') is a 
linear map a : M — >■ M' such that ao ^ = ^' o (idc xa) : £ x M — >■ M' . Then 
£-modules form an ahelian category, which we write as £-mod. Often we write 
M for the £-module, leaving /i implicit, and write c • m rather than ^{c,m). 

Let be a real vector space. Then we define a £-module (£ W, nw) by 
Hw{ci,C2 (8) w) = (ci • C2) (8) w for ci,C2 G £ and w G VF. A £-module (M, ^) 
is called /ree if it is isomorphic to (£ (S)r W, hw) in £-mod for some W. Note 
as in Example 15.51 below that if W is infinite-dimensional then free £-modules 
£ (KiR W may not be well-behaved, and not a useful idea in some problems. 

A £-module (M, /i) is called finitely generated if there is an exact sequence 
(£ (E)R R",AiR'.) -J> (Af, ^) -J> in £-mod for some n ^ 0. A £- module (M, ^) 
is called finitely presented if there is an exact sequence (£ (Xir M"\//r™) — >■ 
(£ (8)R M", ^R") (M, ^) in £-mod for some m, n > 0. We write £-mod* 
for the full subcategory of finitely presented £-modules in £-mod. 

If — > F — > G — > is an exact sequence in £-mod with E, F finitely 
presented (or more generally E finitely generated and F finitely presented) then 
G is finitely presented. This is because if £ i8)r M' — )■ i? — and £ (g)R R™ -> 
£ (giR R" _F — ^ are exact, we can make an exact sequence £ (8)r R'"*"™ — > 
£ (8)R R" — )• G — )■ 0. Similarly, if E, G are finitely presented, then F is finitely 
presented. Hence £-mod^^ is closed under cokernels and extensions in £-mod. 
But it may not be closed under kernels, since £ may not be noetherian as a 
commutative R-algebra. 

Now let ^ : £ — >■ S) be a morphism of G°°-rings. If {M, fi) is a S-module 
then (j)*{M,fi) = {M,fi o (0 x idA/)) is a £-module, and this defines a functor 
(/)* : S)-mod — >■ £-mod. However, (jj* is not very well-behaved, for instance it 
need not take finitely generated S-modules to finitely generated £-modules, and 
we will not use it. If {M, ^) is a £-module then (f)^,{M, ^) = (M(g)£S), /Lt^) is a D- 
module, where /i® = /xe- xid© : 2) xM^cD = €®cDxM®^'Zi M®ifD, and 
this induces a functor 0* : £-mod — >■ 2)-mod which does take finitely generated 
or presented £-modules to finitely generated or presented S-modules. 

Vector bundles E over manifolds X give examples of modules over G°°(Ar). 

Example 5.2. Let X be a manifold, which may have boundary or corners. Let 
E ^ X he a. vector bundle, and C°°{E) the vector space of smooth sections 
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e of E. Define ^ie ■ C°°(X) x C°°{E) C°°{E) by At£;(c,e) = c • e. Then 
{C°°{E),^e) is a C°°(X)-module. If is a trivial rank k vector bundle, E = 

X X M*^, then {C°°{E),he) = (C°°(X) Or R'', /^jjO ' so {C°°{E),fiE) is a free 
C°°(X)-niodule. 

Let E, F ^ X he vector bundles over X and \ : E ^ F a. morphism of 
vector bundles. Then A* : C°°{E) C°°(F) defined by A* : e A o e is a 
morphism of C°°(X)-modules. 

Now let X, Y be manifolds and / : X — > F a (weakly) smooth map. Then 
/* : C°°(y) C°°{X) is a morphism of C°°-rings. If £: F is a vector 
bundle over Y, then J*{E) is a vector bundle over X. Under the functor (/*)* : 
C°°(y)-mod^ C°°(X)-mod of Definition EH we see that (/*)* (C°°(£:)) = 
C°°{E) (^c^iY) C°°{X) is isomorphic as a C°°(X)-module to C°°{f*{E)). 

li E X \s any vector bundle over a manifold then by choosing sections 
ei, . . . , e„ € C°°{E) for n » such that eil^;, . . . , e„|a; span i^jj; for &\\ x ^ X 
we obtain a surjective morphism of vector bundles if) : X x R" — > i?, whose 
kernel is another vector bundle F . By choosing another surjective morphism 

(j) : Xx R™ — > F we obtain an exact sequence of vector bundles X x M'" X x 

R" — > — > 0, which induces an exact sequence of C°°(X)-modules C°°{X) (g)R 

R'" A C°°{X) (g)R M" ^ C°°(S) ^ 0. Thus we deduce: 

Lemma 5.3. Let X he a manifold, which may have boundary or corners, and 
E ^ X be a vector bundle. Then the C'°°{X) -module C°°{E) in Examvle 15.21 
is finitely presented. 

5.2 Complete modules over fair C°°-rings 

We now extend the ideas in i)4.3l on infinite sums in C°°-rings to modules. 

Definition 5.4. Let £ be a fair C°°-ring, and M a module over £. Write 
{X,Ox) = SpccC Consider a formal expression X^aGA^^i, where ^ is a (usu- 
ally infinite) indexing set and TOq g M . We say that X^asA ^ locally finite 
sum if X can be covered by open sets U Q X such that for all but finitely 
many a S ^ we have [idM ®T^x){ma) — in M ®,f for all x £ U, where 
idM ®Hx : M = M (gj^ £ — M is induced by the projection tTj; : £ — >■ €.x- 

If X^aeA ^s ^ locally finite sum, we say that m e A/ is a /imif of XaeA '^Q' 
written m = XasA '^a, if (idAf 'SnTx)i'rn) = J^aeAi^'^M ®'^x){ma) for aU x e X, 
where the sum makes sense as there are only finitely many nonzero terms. 

We say two locally finite sums XqsA XaeA' ™a equivalent if for all 
a: e X we have J^aeAi^'^M •^'^x)ima) = XaeA'(idM <8)7r^)(m'^) in €x- Equiva- 
lent locally finite sums have the same limits. 

We call M a complete £-module if every locally finite sum in M has a unique 
limit. Write C-mod'^" for the full subcategory of complete modules in £-mod. 

Example 5.5. Let £ be a fair C°°-ring. Consider £ as a module over itself. 
Then Proposition I4.23f b) implies that £ is complete. More generally, £ (8)r R" 
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is a complete £-module for all n ^ 0. However, if W is an infinite-dimensional 
vector space then £ (g)R W is in general not a complete £-module. The problem 
is with the notion of tensor product: by definition, elements of €(S)rW are finite 
sums X]a=i Ca^Wa, whcrcas we want to consider infinite, but locally finite, sums 
J2a£A (^a^Wa- So, to obtain a complete module we need to pass to some kind 
of completed tensor product €<S^sW, using the topology on £ in Definition 14.221 
When £ = C°°{M.'^) for n > and W is an infinite-dimensional vector space, 
consider the following three sets of maps R" — )■ W: 

(i) Ml = {smooth maps w : R" — > W with contained in a finite- 
dimensional vector subspace W of W}; 

(ii) Af2 = {smooth w : MJ" W such that R" is covered by open U C R" 
with w{U) contained in a finite-dimensional subspace W' of W}; and 

(iii) M3 {all smooth maps w : R" ^ W}. 

Then Mi, M2, M3 are C°°(R")-modules with Mi C M2 C A/a, where Mi is the 
tensor product C°°(R") ®k W, and Af2 is the correct completed tensor product 
C°°(R")(g)RM^, a complete C°°(R")-module. For our purposes M3 is too big. 
To see this, note when we pass to germs at x € R" we have 

Ml 0c-(K") Cr(M") = M2 ®c-(M") (R") - (K") <^R 

but M3 «)c-(R") CT(II^") is much larger than C^(R") (8)b VF- 

As for in Definition [SHI one can show: 

Proposition 5.6. Let £ be a fair C°°-ring. Then there is a reflection functor 
Rill : £-mod— >-£-mod™, left adjoint to the inclusion C-mod'^" ^ £-mod. 

This can be proved by defining R^°^{M) to be the set of equivalence classes 
[J2aeA'^a] of locally finite sums J^aeA'^a^ "^i*^ £-action ^(c, EaeA'^a]) = 
EaGA /^("^i "^a)] ^'^^ c £ <t, and checking i?!J°[(M) has the required properties. 
Alternatively, we can define R1°^ to be the functor F o MSpec in fj^] below, and 
verify it is a reflection. The correct notion of completed tensor product £(8)rVF 
in Example 15.51 up to isomorphism, is £(X)rW^ = ^liii^ 

To test whether a £-module M is complete, it is enough to consider only 
locally finite sums of the form X^hes Vb ■ "i^^b where {rji, : b € B} is a partition of 
unity in £ and G M . The proof requires £ to be fair. 

Lemma 5.7. Let <L be a fair C°° -ring, and M a (L-module. Then every locally 
finite sum X^aGA equivalent to one of the form X^bes ' "^fcj where {ryfc : 

b G B} is a partition of unity in £ and mj, G M for all b £ B. Conversely, all 
such XbGS Vb ■ ''TT'b '"'6 locally finite sums. 

Proof. Let XasA t>e a locally finite sum. Then X has an open cover of 
U such that ma\u = for all but finitely many a G A. Since £ is fair X is 
paracompact, so we can choose a locally finite refinement {Vt : b G B} of this 
open cover, and Proposition I4.23f c) gives a partition of unity {rjh : b G B} in 
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£ subordinate to {T4 : b e B}. For each b £ B, define toJ, = J^aeA^ where 
Af, C A is the finite set oi a G A with ma\vb ^0. It is then easy to see that 
J2beB ■ "rriii is a locally finite sum equivalent to X^aeA'^a- The last part is 
immediate as {rib : b E B} is locally finite. □ 

Proposition 5.8. Let € be a fair C°°-ring. Then C-mod'^" is closed under 
kernels, cokernels and extensions in £-mod, that is, £-mod™ is an abelian sub- 
category of £-mod. 

Proof. Let — )■ Mi — > M2 — > A/3 be an exact sequence in £-mod. First 
suppose M2, M3 € C-mod'^", and J2aeA ^ locally finite sum in Mi. Then 

^jjg^a(TOa) is locally finite in M2 which is complete, so m' — X]aeA'^(™a)' 
for some unique m' € M2 . As morphisms of modules preserve limits we have 

so /3{m') = as limits in M3 are unique as M3 is complete. Hence m' — a{m) 
for some unique m e Afi by exactness. This m is the unique limit of ^^^^^ rua, 
so All is complete, and C-mod*^" is closed under kernels. 

Now suppose Mi,M2 £ C-niod'^". Let X^ogA ^ locally finite sum 

in A/3. By Lemma 15.71 we can choose an equivalent sum X^bes '76 ' "^6 with 
{776 : b G B} a partition of unity. By exactness = /3(mb) for some ra;, G A/2, 
all b <E B. Then X^tes ^fc ' "^fc ^ locally finite sum in A/2, so X^bGS ' '^6 = m 
for some unique m G A/2. As morphisms preserve limits we have X^hes ^fc ' '^6 ^ 
^(to) = X^asA '^Q' limits always exist in A/3. 

To show limits are unique in A/3, it is enough to consider the zero sequence 
X) 0. Suppose m" € A/3 is a limit of X] 0- Then m" = fi{m') for some m' G A/2, 
and X has an open cover of U such that m"|j/ = 0. Choose a locally finite 
refinement {Vb : 5 G B} and a subordinate partition of unity {rjb : b G /?}; we 
can also arrange that 7]b = Ct foi" Cft G £ supported on Vb. Then (^j, • m" = in 
A/3, so /3(C6 • rn') = 0, and thus Cb • m' = a(mb) for m;, G Afi. Hence X^bGS Cfc'"-6 
is a locally finite sum in A/i, so X^bes Cfc'^b = for some unique m G A/i as 
A/i is complete. Therefore 

= EbeBCfca("^fc) = EbesCb ' 't^' = HbenVb-m' = m' , 

and q;(to) = m' by uniqueness of limits in A/2, so m" = /? o Q;(m) = 0. Thus 
limits in A/3 are unique, A/3 is complete, and C-mod'^" is closed under cokernels. 
Closedness under extensions follows by a similar argument. □ 

As R1°^ is a reflection, it is an exact functor between abelian categories. 
Since every finitely presented £-module is the cokernel of a morphism between 
£ (8)R M™, £ (X)R R", which are complete as in Example 15.51 we have: 

Corollary 5.9. Let <L be a fair C°°-ring. Then every finitely presented £- 
module is complete, that is, C-mod^'' C C-mod'^". 
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5.3 Cotangent modules of C°°-rings 

Given a C°°-ring £, we will define the cotangent module {ft,r , /xg) of £. Although 
our definition of £-module only used the commutative M-algebra underlying the 
C°°-ring £, our definition of the particular C-module (ric/xg;) does use the 
C°°-ring structure in a nontrivial way. It is a C°°-ring version of the module of 
relative differential forms or Kdhler differentials in Hartshorne |17i p. 172]. 

Definition 5.10. Suppose £ is a C°°-ring, and (ill, /i) a £-module. A C°°- 
derivation is an M-linear map d : £ — >■ M such that whenever / : M" — >■ M is a 
smooth map and ci, . . . , c„ € £, we have 

d$/(ci, . . . ,c„) = m(*^(ci, • • ■,Cn),dCi)- (16) 

Note that d is not a morphism of C-modules. We call such a pair (M, /i),d a 
cotangent module for £ if it has the universal property that for any £-module 
(M',/i') and C°°-derivation d' : £ — > Af, there exists a unique morphism of 
£- modules <j) : (Af , a*) ^ (Af, m') with d' = (/) o d. 

There is a natural construction for a cotangent module: we take (Af , /i) 
to be the quotient of the free £-module with basis of symbols dc for c S £ 
by the £-submodule spanned by all expressions of the form d<l'/(ci, . . . ,c„) — 
Sr=i fJ'i^^ (ci, . . . , c„), dci) for / : E" — > R smooth and ci, . . . , c„ G £. Thus 
cotangent modules exist, and are unique up to unique isomorphism. When we 
speak of 'the' cotangent module, we mean that constructed above. We may 
write (ricyUc), dc : £ — )■ for the (or a choice of) cotangent module for £. 

Let £,2) be C°°-rings with cotangent modules (r^e, ^c), dc, (fis, /i®), dj), 
and : £ — > S be a morphism of C°°-rings. Then the action o (0 x idn^, ) 
makes ils into a £-module, and d© o (/> : £ — >• is a C°°-derivation. Thus 
by the universal property of ftc, there exists a unique morphism of £-modules 
fl^ : fl(r fij) with ds) o (j) = 17^ o d^. This then induces a morphism of S)- 
modules (Jl^)* : r^c 2) — >■ Jlxi with (fi^), o (d^ ® id®) = d^ as a composition 
D = £ 2) ric D -> fi®. If : £ £>, : S £ are morphisms of 
C°°-rings then f2i^o0 = i^i/> o : f^c ^e- 

Example 5.11. Let X be a manifold. Then the cotangent bundle T*X is a vec- 
tor bundle over X, so as in Example O it yields a C°°(X)-module C°°(r*X). 
The exterior derivative d : C°°(X) ^ C°°(T*X), d : c dc is then a C°°- 
derivation, since equation (|16p follows from 

d(/(ci,...,c„)) =I]"=i ^(ci,...,c„)dc„ 

for / : M" — > M smooth and ci,...,c„ g C°°(X), which holds by the chain 
rule. It is easy to show that (C°°(T*X),/iT*x),d have the universal property 
in Definition 15.101 and so form a cotangent module for C°°{X). 

Now let X, Y be manifolds, and / : X — >■ F a (weakly) smooth map. Then 
f*{TY),TX are vector bundles over X, and the derivative of / is a vector 
bundle morphism df : TX — > f*{TY). The dual of this morphism is (d/)* : 



34 



f*{T*Y) ^ T*X. This induces a morphism of C°°(X)-modules ((d/)*)* : 
C~(/*(r*r)) ^ C'^{T*X). This ((d/)*)* is identified with (17/.)* under the 
natural isomorphism C°°{f*{T*Y)) = C°°{T*Y) (8)c-(f) C°°(X), where we 
identify C°°{Y),C°°{X)J* with g:,2),0 in Definition [ETOl 

The importance of Definition [5TTU] is that it abstracts the notion of cotangent 
bundle of a manifold in a way that makes sense for any C°°-ring. 

Remark 5.12. (a) There is a second way to define a cotangent- type module for 
a C°°-ring (T, namely the module Kdc of Kdhler differentials of the underlying 
K-algebra of C This is defined as for rie, but requiring (|16l) to hold only when 
/ : — >■ M is a polynomial. Since we impose many fewer relations, Kd^ is 
generally much larger than rig, so that Kdcoo(R") is not a finitely generated 
C°°(M")-module for n > 0, for instance. 

(b) Cotangent modules should be part of a more complicated story about cotan- 
gent complexes. If / : A — >■ i? is a morphism of rings then the cotangent complex 
Lf, constructed by lUusie [12], is an object in the derived category of _B-modules 
£)^(i?-mod). As discussed by Spivak [321 §7], presumably the same construction 
works for C°°-rings, so that if </):£—?> S is a morphism of C°°-rings then one 
should obtain a C°°- cotangent complex . One can also form the cotangent 
complex of (/) regarded just as a ring morphism. Then and both lie 
in D''(S)-mod), but will in general be different, since ignores the C°°-ring 
structures of but does not. 

If £ is a C°°-ring then there is a unique C°°-ring morphism tt : M — )• £, since 
M is an initial object in C°°Rings. Thus we can form cotangent complexes 
and in mod). We expect that our cotangent module fig is canonically 

isomorphic to H^{L^ ), whereas the module of Kahler differentials Kde in (a) 
is canonically isomorphic to iJ''(i^). 

Theorem 5.13. If ^ is a finitely generated C°° -ring then 0.^^ is a finitely 
generated ^-module. If ^ is a fair C°° -ring then VLi^ is complete. If ^ is a 
finitely presented, or good, C°°-ring, then fl(r is finitely presented. 

Proof. If £ is finitely generated we have an exact sequence — > / ^ C°°(M") 
->■ 0. Write xi, . . . , x„ for the generators of C°°(R"). Then any c e £ 
may be written as </>(/) for some / S C°°(M"), and (|16p implies that 

dc = d$/ (0(xi ), . . . , 0(x„)) = J27=i ('/'(a^i), • ■ • , ^(a^n)), d o (j){xi)) . 

Ox. I 

Hence the generators dc of for c G £ are £- linear combinations of d o (f){xi), 
i = 1, . . . , n, so rig; is generated by the d o (/)(xi), and is finitely generated. 

Now suppose € is fair. From the first part we have an exact sequence — > 
M £ (g)K R" ^Oe- 0, where € «)r R" is the free C-module with basis 
ei, . . . , e„, and a{ei) = d o (j){xi), i = 1, . . . , n, and M is the £-submodule of 
£ (8)R R" generated by elements 

<^(^)-ei + --- + '^(^)-en for/e/. (17) 
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By Example lS.SI C (K)m R" is complete. We will show M is complete. Then fi^ is 
complete, as C-mod*^" is closed under cokernels by ProDOsition l5.8l Since locally 
finite sums have unique limits in £ (g)R M" D M, it is enough to show that M is 
closed under locally finite sums. 

Let X^aGA'^a t)e a locally finite sum in M. Then by Lemma [5.71 and pT)) . 
SaeA equivalent to a locally finite sum of the form 



where {(pi'qb) ■ b S B} is a partition of unity in £ which lifts to a locally finite 
sum J^beB^b in C°°(R"), and Cb is a finite indexing set for each b G B, and 
fbc e /, 5f,c e C°°(]R") for all 6 e B and c e C^. 

Consider the sum J2beB ^ceCt Vbgbcfbc in C°°(R"). This is a locally finite 
sum, as X^bes locally finite and each Cb is finite, so it has a unique limit /. 
As fbc G I for all b, c we have rj^gbcfbc S /, so / e / as / is closed under locally 
finite sums by Proposition I4.23f a) . But 



T.beB<t^{Vb) ■ [EcGC. <t>{9bc) ■ (0(^) • ei + . . . + 0(1^) . e„)] 

= E.ei3 EcGC. Er=i ^(^^^^) • - Er=i 0(1^) € M, 



since (/) is an algebra morphism and fbc G / so that (j){fbc) — 0. Thus M is closed 
under finite sums, so fl^ is complete, proving the second part. 

For the third part, it is enough to suppose £ is good. Then we have an exact 
sequence — / ^ C°°(R") £ 0, where is a morphism of C°°-rings and 
the ideal / = (/i, . . . , /,„, m^) for some closed X C R". We will define an exact 
sequence of ^-modules 

(e: (g)R R", AiR" ) (£ (»R R", A*R") (f^c , Mc) ^ 0. (18) 

Write (ai, . . . , a™), . . . , for bases of R™,R". As £ (8)r R™, £ ®r R" are 
free C-modules, the £-module morphisms a, /3 are specified uniquely by giving 
a{ai) for i = 1, . . . , m and for j = 1, . . . , n, which we define to be 

a : Oi i-^- X"=i Mk"(*^(0(2;i), ■ • ■ ,0(a;„)),6j) and /3 : 6^- d^ . 
Then for i = 1 , . . . , m we have 



f3 o a(aj) = XLi Me:(<J'9£L (0(a;i), ■ • ■ , , dc ((/'(xj))) 

= dff($/^ (0(a;i),...,0(x„))) 

= dg: o 0($/_(a;i, . . . ,x„)) = dc o 0(/i(a;i, . . . , a;„)) = d£(0) = 0, 



by ((T7]), where in the first step we use 
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using in the second step as dc is a C°°-derivation, (/> a morphism of C°°- 
rings in the third, the definition of C°°(R") as a C°°-ring in the fourth, and 
fi{xi, . . . , Xn) G / = Ker (j) in the fifth. Hence f3 o a = 0, and (|18p is a complex. 

Thus ^ induces : (£ (g)R R")/a(e: Or R") ^ l^c. We wiU show /3. is an 
isomorphism, so that ([HI) is exact. Define d : £ ^- (£ Ok M.'^)/a{<t Or R™) by 

d(0W) =ELim"(*^(0(a;i),.-.,0(x„)),&j) (19) 

j 

Here every c € £ may be written as for some smooth h : M" — > K as 
is surjective. To show (jl9p is well-defined we must show the right hand side is 
independent of the choice of h with (j){h) = c, that is, we must show that the 
r.h.s. is zero ii h G I. It is enough to check this for in a set of generators for /. 
If h = fi for I = 1, . . . , TO the r.h.s. of (fT9|) is zero by definition of a. If /i € m'^ 
then ^ also lies in C / and 

. . . ,0(x„)) = (/)o$^(xi,...,x„) ^4>[-§^) =0, 

so the r.h.s. of ([T9|) is zero. Hence d in ([T9|) is well-defined. 

It is easy to see that d is a C°°- derivation, and that /3* o d = d^. So by 
the universal property of rig;, there is a unique £-module morphism : il^ — ^ 
(e:®MR")/a(G:(g)EK™) with d = ipodc. Thus l3^o^odc = /3*od = dc = idn^ ode, 
so as Imdc generates as an £-module we see that o ip = idii^ . Similarly 
tpo is the identity, so ip,l3^ are inverse, and /3, is an isomorphism. Therefore 
(fT8|) is exact, and ft(r is finitely presented. □ 

Cotangent modules behave well under localization. 

Proposition 5.14. Let C be a C°°-ring and c € £, with localization H"^ : £ — >■ 
£[c~"'^] as in Definition 12.121 Then the morphism of (^[c^^]-modules {flw)* '■ 
fl(r (^,r (t[c^'^] — > fij^jc-i] "i-s 0,''^ isomorphism. 

Proof. Let Q,^ and f2|r[c-i] be constructed as in Definition 15.101 Since £[c~^] 
has an extra generator and an extra relation c ■ = 1, we see that the 
£[c~"'^]-module ri^jc-i] may be constructed from rig ®(t_ <t[c~^] by adding an 
extra generator d(c~"'^) and an extra relation d(c • c^^ — 1) = 0. But using (|16p 
and c • = 1 in £[c~^], we can show that this extra relation is equivalent 
to d(c~^) — — (c^^)^dc. Thus the extra relation exactly cancels the effect of 
adding the extra generator, so (fint:)* is an isomorphism. □ 

We can also understand how cotangent modules behave under the reflection 
functor R\l : C°°Rings''s C°° Rings'''* of Definition [2311 

Proposition 5.15. Let £ be a finitely generated C°°-ring, and £ = i?fg(£) its 
fair reflection, with surjective projection tt : £ — ^ £. Then there is a canonical 
isomorphism of ^-modules fig = ®t ^) identifying (Jl-n)* ■ (g)|r £ — >• 

fig with the natural surjective morphism fl<f Oc £ £)• 



37 



Proof. Wc have an exact sequence ^ / ^ C°°(R") ^ £ ^ 0. Let / be the 
closure of / under locally finite sums in C°° (R") . Then / is fair, as in Proposition 

and we obtain an exact sequence / ^ C°°(R") -^1^0. There 
are exact sequences — )■ M — £ ®r R" fl^ in £-mod and — > A/ — )• 
£ (g)R R" -^4 rig in £-mod, where we write ei, . . . , e„ for the generators of 
£ R" and ei, . . . , e„ for the generators of £ (8)r R", and then a, a are defined 
by a(ei) = d(j){xi) and Q:(ei) = d(f){xi), and Af is the submodule of £ (g)R R" 
generated by elements X]"=i ^^r f E I, and Af is the submodule of 
£ (g)R R" generated by elements / '= ^■ 

Thus there is an exact sequence — )■ Af — £(g)RR" fig £ — )■ 0, where 
A^ is the submodule of £®rR" generated by elements X]"=i ^{'§i')^i ^'^^ / ^ ^• 
Given a locally finite sum / = X^aeA /a i'^ C°°(R") with fa E I and f E I, 
the corresponding sum XaeAEr=i ^ locally finite, with limit 

Xr=i ^{'§x')^i ^-"^ Hence M is the closure of M under locally finite sums in 
£ (g)R R". Note too that all locally finite sums in £ (g)R R" have unique limits, 
as £ is fair. The definition of now implies that 



^€ £) = ®R R")/Af) = (£ ®R R")/Af = rig, 

as we want. The identification of (rijr)* with the natural morphism is clear from 
the actions of a, a on ei, . . . , e„ and ei, . . . , e„. □ 

Here is a useful exactness property of cotangent modules. 

Theorem 5.16. Suppose we are given a pushout diagram of finitely generated 
C°° -rings: 

£ ^ £ 

\a ^ 4 (20) 

SO that ^ — 'D Ilg: £. Then the following sequence of ^-modules is exact: 
(nc.).e 

f^a:®Mc,c,7o«5 % ^ 0. (21) 

ffere (ric), : rt(r (8 ,11,70a 1? — > ^fi.^.Tin 1? *s induced by : fiu — ^ fij), 
anc? so on. Note the sign of —(£7^)* in (j2ip . 

Proof. By fi^o^ = f^i/j ° in Definition 15.101 and commutativity of (j20p we 
have Jl^, o J7q, = ri^oa = ^^50,3 = ° ■ ^ ^^5- Tensoring with ^ then 
gives (ri-y)* o (rio,), = (ri^)* o (ri^), : rig (g)e; 5^ rig. As the composition of 
morphisms in (I^IT) is (r27)*o(r2c()* — (i7(5)*o(i7,3)*, this implies (PT|) is a complex. 

For simplicity, first suppose £, S), £, are good. Use the notation of Example 
12.271 and the proof of Proposition !^?^ with exact sequences (O and ([5]), where 
I = (/ii,...,/ii,m^) c C°°(R'), J = (di,...,dj,m^) c C°°(R") and = 
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(ei,...,efc,mf=) C C°°(R") for X C r\ y C R", Z C M" closed. Then L 
is given by ([9]). Applying the proof of Theorem 15.131 to (O-® yields exact 
sequences of ^-modules 



^ (^R r 5- ®R — ^ <E)£ ^ ^ 0, (22) 

^(»rR^' ^^S^RR^^^ris (82)^ ^0, (23) 

S'SiRM.'' ^^d®R^" ^^^e^ed ^0, (24) 

^ (»R R^'+''^+' ^d<»R R'"+" ®R R™©;? 0R R" ^ - 0, (25) 



where for (l22])-([24]) we have tensored (HH) over £, D, € with S'. 
by 6*1 (ai, . . . ,a;) = (^i, ■ . ■ ,&m), 6*2(01, ■ ..,«;) = (ci, . . . ,c„) with 



Define 5^-module morphisms 61 : ^6. 



bq = ^'^ifp{£.{yi), ■ ■ ■,^{ym)) ■ ap, Cr = ^ $ Ogp (^(zi ) , . . . , £,{z„)) ■ Up, 

9yq Oyr 



p=l p=l 
for ap,bq,Cr £ ^. Now consider the diagram 



pi €4- 





^ ®R 


R"" e 






R" 


VO £3 -62^ 










(C2 















((a-,), (a,).) 



(26) 



using matrix notation. The top line is the exact sequence psp . where the sign in 
—02 comes from the sign of gp in the generators fp{yi, . . . , j/m) — gp{zi, ■ . ■ , Zn) 
of L in (lU . The bottom line is the complex (f2T|) . 

The left hand square commutes as C2 o £2 = Ca ° ^3 = by exactness of (f^- 
(p4|) andC20^i = (f^a)*oCi follows from ao0(xp) = ip{fp), andC30^2 = 
follows from /3 o 4>{xp) — xidp)- The right hand square commutes as C4 and 
(^^7)* o C2 act on S' «)R R™ by (ai, . . . , a„) i-^- a^dy o ^(?/^), and C4 and 

(ri^), o (3 act on 3" (g)R R" by (61, . . . , 6„) n- I]r=i ^'■'^S ° CC-^r)- Hence is 
commutative. The columns are surjective since CijC2:C3 are surjective as (1221) - 
(j24p are exact and identities are surjective. So, since p6p is commutative with 
surjective columns, exact top row, and bottom row a complex, it follows that 
the bottom row is exact by standard facts about abelian categories. This proves 
the theorem for £,2), £,5^ good. For the finitely generated case we can use the 
same proof, but allowing i, j, k infinite. □ 

Here is an example of Theorem 15. 161 for manifolds. 
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Example 5.17. Let W, X, Y, Z, e, /, g, h be as in Theorem l3.6[ so that ([TU)) is a 
Cartesian square of manifolds and ([TT|) a pushout square of C°°-rings. We have 
the following sequence of morphisms of vector bundles on W: 

_ (5 o er{T*zf-^^^^^^^^^e*{T*X)® /* (r*y)'-^* T*W - 0. (27) 

Here dg : TX — > g*{TZ) is a niorphism of vector bundles over X, and dg* : 
g*{T*Z) ->■ T*X is the dual niorphism, and e*(d5*) : {goe)*(T*Z) e*{T*X) 
is the pullback of this dual morphism to M^. In ^and ^we will distinguish 
between {goe)*[T* Z) and e*[g*{T*Z)), but here we identify them for simphcity. 

Since g o e = /i o /, we have de* o e*(d.g*) = d/* o /*(d/i*), and so ([27]) is a 
complex. As g, h are transverse and (fTO|) is Cartesian, (|27|) is exact. So passing 
to smooth sections in ([27|) we get an exact sequence of C°°(W^)-modules: 

(e*(dff*)© (de*© 

0»C°°((ff oe)*(r*Z)) ^'^'^ ''l' C°°{e*iT*X)®f*{T*Y))'^'C°°{T*W)^0. 
The final four terms are the exact sequence (f2T|) for the pushout diagram ([TT|) . 

6 Sheaves of modules on C°°-schemes 

We now develop analogues for C°°-schemes of sheaves of Ox-modules, quasico- 
herent sheaves, and coherent sheaves on a scheme X, following Hartshorne [171 
§11.5] or Grothendieck [16j §0.3-§0.5] in conventional algebraic geometry, and 
we define cotangent sheaves of C°°-schemes, based on sheaves of relative differ- 
entials in Hartshorne [ITl §11.8]. Some issues arise as our C°°-rings are generally 
not noetherian as K-algebras, but in algebraic geometry one usually only consid- 
ers coherent sheaves on noetherian schemes. The author knows of no previous 
work on all this in the C°°-scheme context, so this section may be new. 

6.1 Sheaves of Ox-modules on a C°°-ringed space {X,Ox) 

We define sheaves of Ox-modules on a C°°-ringed space, following 17, §H.5]. 

Definition 6.1. Let {X,Ox) be a C°°-ringed space. A sheaf of Ox-modules, 
or simply an Ox-module, £ on X assigns a module £{U) = {Mu,^if) over the 
C°°-ring Ox{U) for each open set U <^ X, and a linear map £uv ■ Mjj — My 
for each inclusion of open sets V C U C X, such that the following commutes 

OxiU) X Mu ^ Mu 

Ox{V) X Mv — Mv, 

and all this data £{U),£uv satisfies the usual sheaf axioms [ITl §H.l]. 

A morphism of sheaves of Ox -modules (j) : £ ^ J- assigns a morphism of 
Ox(t/)-modules <p{U) : £{U) — > J^{U) for each open set U C X, such that 
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4>{V) o Suv = ^uv o <t>{U) for each inclusion of open sets F C t/ Q X. Then 
Ojf-niodules form an abelian category, which we write as Ox-mod. 

Remark 6.2. Recah that a C°°-ring £ has an underlying commutative M- 
algebra, and a module over £ is a module over this M-algebra, by Definitions 12. 71 
and l5.ll Thus, by truncating the C°°-rings Ox{U) to commutative M-algebras, 
regarded as rings, a C°°-ringed space {X,Ox) has an underlying ringed space 
in the usual sense of algebraic geometry [T71 p. 72], [111 §0-4]. Our definition 
of Ox-modules are simply Ox-modules on this underlying ringed space [171 
§11.5], [m §0.4.1]. Thus we can apply results from algebraic geometry without 
change, for instance that Ox-mod is an abelian category, as in [T71 p. 202]. 

Definition 6.3. Let / (/,/") : {X,Ox) ^ {Y,Oy) be a morphism of 
C°°-ringed spaces, and f be a sheaf of Oy-modules on (F, Oy). Following 
Grothendieck 16, §4.3.1] or Hartshorne [T71 p. 65, p. 110], define the pullback 
f*{£) to be the sheaf of Ox-modules on (X, Ox) associated to the presheaf 
U H->- limy3^([/) (^Oy{V) C'x(C^), where U is an open set in X, and the 
limit is over open sets V in Y containing /([/), and S{V) (^Oy{v) Ox{U) is 
computed using the morphism Pf-i(v)u ° fK^) ■ Oy(t^) — t- Ox{U). 

If : £ — ?> is a morphism of sheaves of Oy-modules we have an induced 
morphism of Ox-modules f*{(j>) : /*{£) f*{T). Then /* : Oy -mod ^ Ox- 
mod is a functor from Oy-modules on Y to Ox-modules on X . 

Remark 6.4. Here is a slightly subtle point. Fullbacks f*{£) are a kind of fibre 
product, and may be characterized by a universal property. So they should be 
regarded as being unique up to canonical isomorphism, rather than unique. One 
can give an explicit construction for pullbacks, or use the Axiom of Choice to 
choose f*{£) for all /,£, and so speak of 'the' pullback f*{£). However, it may 
not be possible to make these choices strictly functorial in /. 

That ^s, \i f : X ^ Y, g : Y ^ Z are morphisms and £ G O^-mod then 
(ff ° f)*{£): f*{9*{£)) are canonically isomorphic in Ox-mod, but may not be 
equal We will write If,g{£) : {go f)*{£) f*{g*{£)) for these canonical 
isomorphisms. Then If g : [g o /)* ^ f* ° g* is a natural isomorphism of 
functors. It is common to ignore this point and identify {g o f)* with f* o g*, 
but this would cause problems in (2^ . Vistoli [40] makes careful use of natural 
isomorphisms {g o /)* ^ f* o g* in his treatment of descent theory. 

When / is the identity idx ■ X X and £ G Ox-mod we do not require 
idx{^) — t)ut as f is a possible pullback for id^(£) there is a canonical 
isomorphism dx{£) : id^(f ) — ?> £, and then Sx ■ idx ^ idox-mod is a natural 
isomorphism of functors. 

By Grothendieck [161 §0.4.3.1] we have: 

Proposition 6.5. Let X,Y be C°° -ringed spaces and f '■ X Y a morphism. 
Then pullback f * : Oy-mod — ^ Ox-mod is a right exact functor. That is, if 

£^F^g ^{) IS exact in Oy-mod then f*{£)-'^ f*{F)-^^ f*{g) 
is exact in Ox-mod. 

In general /* is not exact, or left exact, unless f '■ X ^Y is fiat. 
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6.2 Sheaves on afRne C°°-schemes, and MSpec 

In 221 we defined Spec : C°°Rings°P LC°°RS. In a similar way, if £ is a 
C°°-ring and {X, Ox) = Spec £ we can define MSpec : £-mod Ox-mod. 

Definition 6.6. Let {X,Ox) = SpecC for some C°°-ring £, let (M,^) be a 
C-module, and U C X he open. Then M is a representation of £, regarded 
as a commutative R-algebra. We have morphisms of C°°-rings 
r(Spece:) = Ox{X) and pxu ■ OxiX) OxiU), so that pxu o : £ ^ 
Ox{U) is a morphism of commutative R-algebras. Thus we may form the tensor 
product M (g)g; Ox{U) over £, which is an Ox(C^)-module. If F C f/ C X are 
open then the algebra morphism puv ■ Ox{U) — >■ OxiV) induces a morphism 
idM'^Puv ■■ M®^Ox{U) M®^Ox{V). The assignment U ^ M®cOx{U) 
and (U, V) H' idj\/ ()~)puv defines a presheaf of Ox -modules on {X, Ox)- 

Define MSpec (M, p) to be the sheafification of this presheaf. If a : {M, p) — )■ 
(Af, p') is a morphism of C-modules, it induces a morphism of the associated 
presheaves, and we define MSpec a : MSpec(M, /x) — >• MSpec(M',^') to be the 
induced morphism of sheaves. Then MSpec : £-mod — Ojf-mod is a functor^ 
the analogue for modules of the functor Spec in i j4.2l Since sheafification is an 
exact functor, MSpec is also an exact functor. 

When M = £ the presheaf U ^ € OxiU) = OxiU) is already a sheaf, 
and MSpec € = Ox, regarded as a sheaf of Ox-modules. 

Now suppose £ is a fair C°°-ring. Then OxiX) is an isomorphism 

by Proposition 14.81 Define the global sections functor T : Ox -mod — >■ £-mod on 
objects by r : f I— >■ £iX), where the Ox(-'i")-module £iX) is regarded as a £- 
module using and on morphisms a : £ ^ J- in Ox-mod by F : a i— 
Then F is a right adjoint to MSpec, that is, as in for all M G £-mod and 
£ e Ox -mod there are functorial isomorphisms 

Hom£.^od(A^, r(£)) = Homo^-mod (MSpec M, £). (29) 

Taking £ — MSpec M, we obtain a natural morphism of ^-modules ■ M 
F(MSpecM) corresponding to idMSpocAf in ([Mil- 
Proposition HIH] showed that F o Spec : C°°Rings*'s C°°Rings'''^ and 
i?f| : C'^Rings'^s ^ C°°Rings*^^ are naturally isomorphic functors. In the 
same way, for £ a fair C°°-ring the functors F o MSpec : £-mod — ?> C-mod'^" and 
i?^fi : £-mod — ?> C-mod'^" are naturally isomorphic. Furthermore, MSpec oF : 
Ox-mod — > Ox -mod is naturally isomorphic to the identity. In contrast, in 
conventional algebraic geometry, both F o MSpec and MSpec oF are naturally 
isomorphic to the identity, as in Hartshorne [T71 Cor. II. 5. 5]. 

Parts (d),(e) below describe the effect of the sheafification used to define 
MSpec M in Definition 16.61 In particular, when M is finitely presented (e) 
shows that the presheaf U ^ M OxiU) in Definition 16.61 is already a sheaf. 

Theorem 6.7. Let £ he a fair C°°-ring, and (X, Ox) = SpecC. Then 

(a) There are natural isomorphisms F(MSpecM) = i?^°j(Af) for all M in 
£-mod which identify '■ M — > F(MSpecM) with the natural projection 
■n : M ^ i?^^°j(Af). // M is complete then $Af is an isomorphism. 
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(b) If £ G Ojf-mod then V{£) is a complete (^-module, and there is a natural 
isomorphism £ = MSpecor(£). 

(c) MSpec and T induce an equivalence of categories £-mod'^° ~ Ox-mod. 

(d) Let M e £-mod and U Q X he open. Then there is a natural isomorphism 
of OxiU) -modules (MSpec M)(C/) i?™(M(g)e- OxiU)). 

(e) Let M G C-mod^^ and U Q X be open. Then there is a natural isomor- 
phism of Ox{U)-modules {MSpecM){U) ^ M Ox{U). 

Parts (d),(e) also hold if £ is finitely generated rather than fair. 

Proof. We will first show that the presheaf of Ox-modules U i~> i?!^5'[(M 
Ox(t/)) on X is actually a sheaf. For the first sheaf axiom, suppose U C X 
is open and {Va : a G A} is an open cover of U, and s S i?^^°[(M (gj^ Ox{U)) 
satisfies Rl^^iidM <»PuvJs = in Rl^i{M (^c Ox(K)) for aU a £ A. We must 
show s = 0. Since £ and hence Ox{U) are fair, as in i)4.3l we can choose a 
locally finite refinement {Wt : b G B} of {Va : a G A}, and a partition of unity 
{'nt-be B} in Ox{U) subordinate to {Wt -.beB}. 

Let b e B. Then there exists a & A with Wt C Va, as {Wb : b e B} is a 
refinement of : a £ A}. Since rjh is supported on Wb C Va, one can show 
using a partition of unity argument that 

Puv^ -.{Vb-f-fe Ox{U)} {puvAvb) -f'-.f'e Ox(K)} 

is an isomorphism. Thus tensoring over £ with M shows that 

idM^Puv^ : {r]b-m:m£ M(x)eOx{U)} {puvAVb) ■ m' : m' £ M(x)^OxiVa)} 

is an isomorphism. Therefore applying implies that 

i?^S(idM ^PuvJ ■.{Vb-m:m£ i?-(Af ®c OxiU))} 

{puvAVb)-m' -.m' £R''^,{M<»eOx{Va))} 

is an isomorphism. Since 

-Ran(idAf <S)puvJ{Vb ■ s) = Puv^AVb) ■ ^an(idAf (^PuvJis) = 0, 

this shows that ?76-s = in RI^^{M<^cOx{U)) for all b£ B. But s = J^beB Vb-s 
as i?^°j(M Ox(C^)) is complete and {rjb : 6 G i?} is a partition of unity, so 
s = 0, as we have to prove. 

For the second sheaf axiom, let [/ C X be open, {Va : a £ A} an open 
cover of C/, and Sa £ i?^°i(Af Ox{Va)) for a e A be given such that 

^a?i(idM (^Pv^ v^nv^,)sa = RlniidM ®Pv^, v^r^vJsa' in i?^Ji(M«)£Ox(KnVa')) 
for all a, a' £ A. Choose {Wb : b £ B}, {rjb : b £ B} as above, and for each b £ B 
choose Gb £ A with Wb C Va. The argument above with pop an isomorphism 
shows that there exists tb £ i?!j5i(M Ox{U)) with 

-Ran(idM <^PUVaJ{Vb ■ h) /Ot/V„j, ('76) • Sa,, 
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and moreover rj^-tb is unique. Now define s = J2beB 

This is a locally finite sum, as {rjb '■ b € B} is a partition of unity, so s is well- 
defined as Ox{U)) is complete. A similar argument to the first part 
shows that ^^^{idM ®PuVa)s = Sa for a £ A, proving the second sheaf axiom. 

The stalk of the sheaf J7 Rl'^i{M(S£OxiU)) &t x £ X is R^^^{M®^Ox,x), 
where Ox,x is the stalk of Ox at x. But i?^5'i(M(8)£ Ox,x) = M ®^ Ox,x, since 
modules over C°°-local rings are trivially complete. But the stalk of the presheaf 
U ^ M(g)cOxiU) at X is M(g)cOx,x- Hence the sheaf J7 i?^5'i(M(g)e:Cx(J7)) 
and the presheaf U ^ M (g)g; Ox(U) have the same stalks, so the sheaf is 
canonically isomorphic to the sheafification of the presheaf. This proves (d), 
and taking U = X proves (a). 

For (e), if M g £-mod^P there is an exact sequence £ (g)R M" -> £ (Kir M" -j' 
M ^ in iT-mod. Since -'S'eOxiU) is right exact Ox(f/) (8)rK"' ^ Cx(C/)(g)R 
R" ^ M (g)c Ox{U) ^ is exact in OxiU)-mod, so M (8)e; Ox{U) is a finitely 
presented C'x(C^)-niodule. Hence M Ox{U) is complete by Corollarv 15.91 
and Rl°i{M OxiU)) M ®c OxiU)- Thus (e) follows from (d). If C is 
finitely generated rather than fair then £ — Rf^{€.) is fair and the isomorphism 
SpecC = SpecC identifies MSpecM with MSpec(M £), so (d),(e) for £ 
follow from (d),(e) for € as (M £) OxCC^) M ®e Ox{U). 

For (b), if £ e Ox-mod then from the sheaf conditions on (e) it is obvious 
that every locally finite sum in T{£) has a unique limit, so T{£) is complete. 
Taking M = T{£) in ^ gives a natural morphism $£ : MSpec or(£) £ 
corresponding to idr(£). Let x G X, and suppose U is an open neighbourhood 
of a; in X and e £ £{U). By facts about smooth functions on R" there exists an 
open neighbourhood V oi x in U and 77 £ £ such that 77 is supported on U, that 
is, 7r2,(r7) = in €y for all y € X \ [/, and 77 = 1 in Then pxuiv) ' e € £{U) 
can be extended by zero on X \ U to a unique / G f (-'f) = r(£') such that 
Pxuif) = Pxu{v)-<2- Thus pxvif) = Pxviv)- Puv{e) = /Oc/v(e) as pxviv) = 1- 

Hence, given any a; S [/ C X and e e f (C/) we can find / € r(f ) and 
open V with a; e C [/ such that pxvif) — Puv{e). Therefore the natural 
projection T{£) — )■ £x from r{£) to germs of sections of f at x is surjective. 
Hence ^slx '■ MSpecor(£')|2; — >• £x is surjective. It easily follows that $f |x is 
an isomorphism, and as this holds for all x S X, is an isomorphism. This 
proves (b), and (c) follows from (a) and (b). □ 

We can understand puUback /* explicitly in terms of modules over the cor- 
responding C°°-rings. 

Proposition 6.8. Let £,S) be C°° -rings, cj) : T) (i a morphism, M,N be 
D-modules, and a : M ^ N a morphism of 'S-modules. Write X = Spec£, Y= 
Spec®, /^Spec(0) -.X^Y, and £ = MSpec(M), J" = MSpec(iV) m Ox-mod. 
Then there are natural isomorphisms f*{£) = MSpec(M (8)21 £) and f*{J') = 
MSpec(A^ (8)2) £) in Oy-mod. These identify MSpec(a ® idc) : MSpec(M ®^ 
£) ^ MSpec(iV (g)2 <t) with f* (MSpec a) : f* {£) f* (T) . 

Proof Write X = (X,Ox), Y = {Y,Oy) and / = (/,/«). Then £ is the 
sheafification of the presheaf V M (E)^ Oy{V), and f*{£) is the sheafifica- 
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tion of the presheaf U \imvDf{u) ^Oy(v) Ox{U). These two sheafi- 
fications combine into one, so f*{£) is the sheafification of the presheaf U i— >■ 
\imv^f(u){M(»vOY{V))<»OY{v)Ox{U). But {M(^sOY(y))(^OYiv)OxiU) ^ 
M Ox{U) — (M (8)2) £) (g)c Ox{U), so this is canonically isomorphic to the 
presheaf U ^ {M (»x> Ox{U) whose sheafification is MSpec(M (g)© £). 

This gives a natural isomorphism f*{£) = MSpec(M8'2) £). The same holds for 
N. The identification of MSpec(Q! idc) and /*(MSpeca) follows by passing 
from morphisms of presheaves to morphisms of the associated sheaves. □ 

6.3 Quasicoherent and coherent sheaves on C°°-schemes 

Here is our definition of quasicoherent and coherent sheaves. 

Definition 6.9. Let X = {X,Ox) be a C°°-scheme, and £ a sheaf of Ox- 
modules. We call £ quasicoherent if X can be covered by open subsets U 
with {U,Ox\u) — Spec£ for some C°°-ring £, and under this identification 
£\u is isomorphic to MSpecAf for some £-module M. We call £ coherent if 
furthermore we can take these ^-modules M to be finitely presented. We call 
£ a vector bundle of rank n ^ if X may be covered by open U such that 
£\jj = Ox\u ®R IK"- Vector bundles are coherent sheaves. Write qcoh(X) 
and coh(X) for the full subcategories of quasicoherent and coherent sheaves in 
Cx-mod, respectively. 

Remark 6.10. Our definition of quasicoherent sheaves follows Hartshorne p7l 
p. Ill] in conventional algebraic geometry exactly, replacing schemes by C°°- 
schemes. However, our definition of coherent sheaf is not standard. The C°°- 
rings Ox{U) we are interested in are generally not noetherian as commutative 
R-algebras, and this causes problems with coherence. 

In the non-noetherian case, the notions of coherent sheaf in Hartshorne [171 
p. Ill] and Grothendieck [16l §0.5.3] are not equivalent. Hartshorne's defini- 
tion, which Grothendieck calls sheaves of finite type [16l §0.5.2], requires the 
C-modules M to be finitely generated rather than finitely presented, and is too 
weak for our purposes. Grothendieck's definition is too strong: if X is a manifold 
of positive dimension and E ^ X a vector bundle of positive rank, the corre- 
sponding Ox-module £ over X is never coherent in Grothendieck's sense, and 
even Ox is not coherent. Our definition of coherent sheaf, which correspond 
to finitely presented quasicoherent sheaves as in [16[ §0.5.2.5], is intermediate 
between those of Hartshorne and Grothendieck. 

We are mainly interested in sheaves on locally fair C°°-schemes. In this case 
Theorem 16. yr b) implies: 

Corollary 6.11. Let X be a locally fair C°° -scheme. Then every Ox-module 
£ on X is quasicoherent, that is, qcoh(X) — Ox-mod. 

The following proposition is elementary, using ideas in [TBI §0.4-§0.5]. The 
middle part holds as if £ is a C°°-ring then £-mod^^ is closed under cokernels and 
extensions in £-mod, but may not be closed under kernels, as in Definition 15.11 



45 



Proposition 6.12. Let X be a C°° -scheme. Then qcoh(X) is closed under 
kernels, cokernels and extensions in Ox-mod, so it is an abelian category. 
The full subcategory coh(X) of qcoh(X) is in general not an abelian category, 
even in the case when X = -^Man^°'^("'^) /'^'^ some manifold X of positive di- 
mension, because the C°° -rings OxiU) for open U C X need not be noetherian 
as commutative R-algebras. However, ifO-^E^F^Q^Qis exact in 
qcoh(X) or Ox-mod and E,T are coherent, then Q is coherent, or if £,Q are 
coherent, then T is coherent. That is, coh(X) is closed under cokernels and 
extensions in Ox-mod, but may not be closed under kernels in Ox -mod. 

Suppose f : X ^ Y is a morphism of C°° -schemes. Then pullback f* : 
Oy-mod — > Ox-mod takes quasicoherent sheaves to quasicoherent sheaves and 
coherent sheaves to coherent sheaves. Thus f* : qcoh(Y) — >■ qcoh(X) is a right 
exact functor, by Proposition 16. 5[ 

As in Godement [Ml §11.3.7] or Voisin [4TJ Def. 4.35], a sheaf of abelian 
groups £ on a topological space X is called fine if for any open cover of X, 
a subordinate partition of unity exists in the sheaf 'Hom{£,£). In particular, 
if Ox is a sheaf of rings on X for which partitions of unity exist subordinate 
to any open cover, then every sheaf of Ox-modules £ is fine. Therefore by 
Proposition 14.281 if X is a separated, paracompact, locally fair C°°-schenie, 
then quasicoherent sheaves on X are fine. 

A fundamental property [41] Prop. 4.36] of fine sheaves £ is that their co- 
homology groups H'^{£) are zero for all i > 0. This means that is an 
exact functor on fine sheaves, rather than just left exact, since measures 
the failure of to be right exact. But H^{£) — £{X), and more generally 
H^{£\u) = £{U) for open U CX. Thus we deduce: 

Proposition 6.13. Suppose X = (X,Ox) is a separated, paracompact, locally 

fair C°° -scheme, and • • • — > £^ £^^^ - — > £''^^ — > • • • an exact sequence in 

qcoh(X). Then ••• ^ £\U)^^^ £'+^ (U)"^^^^ £'+\U) -> • • • ts an exact 
sequence of O x{U)-modules for each open U C X . 



6.4 Cotangent sheaves of C°°-schemes 

We now define cotangent sheaves, the sheaf version of cotangent modules in Sj5l 

Definition 6.14. Let X {X,Ox) be a C°°-ringed space. Define 'PT*X 
to associate to each open U Q X the cotangent module {^Ox{u)t l^Ox{u)) of 
Definition I5.10[ regarded as a module over the C°°-ring Ox{U), and to each 
inclusion of open sets V C U C X the morphism of Ox(C^)-modules ^p^^ '■ 
^Ox{U) — ^ ^Ox(v) associated to the morphism of C°°-rings puv '■ Ox{U) — )• 
Ox{V). Then as we want for (pS)) the following commutes: 

Ox{U) X ^OxiU) ^^^^^^ ^ ^Ox(U) 

Ox{V) X VIq^(v) ^ ^Ox{V)- 
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Using this and functoriality of cotangent modules fl^o<t> = f^i/> o in Definition 
I5.10[ we see tfiat VT* X is a presheaf of Ox-modules on X. Define the cotangent 
sheaf T*X of X to be the sheaf of Ox-modules associated to VT*X. 
li U C X is open then we have an equality of sheaves of Ox \ y-modules 

T*{U,Ox\u)^T*X\u. (31) 

As in Example 15.111 if / : X F is a smooth map of manifolds we have 
a morphism (d/)* : f*(T*Y) T*X of vector bundles over X. Here is an 
analogue for C°°-ringed spaces. Let / : X — >■ F be a morphism of C°°-ringed 
spaces. Then by Definition 16. 3[ /* (T*Y) is the sheafification of the presheaf 
U ^ linivDf{u)T*Y{V) ®Oy{v) Ox{U), and r*r is the sheafification of the 
presheaf VT*Y. These two sheafifications combine into one, so that /* (T* Y) is 
the sheafification of the presheaf f*{VT*Y) acting by 

U ^ r{VT*Y){U) = Yiuvy^f(u) VT*Y{V) ®o^(v) Ox{U) 
= limy3/(c/) na^iv) ®Oy(v) Ox{U). 

Define a morphism of presheaves V^f : f*{VT*Y) ^ VT*X on X by 

where {^pJ^^^^^^oP{v))* ■ ^o^iv) ®Oy(V) Ox{U) ^ ^o^(u) = iVT*X){U) is 
constructed as in Definition lS.lOl from the C°°-ring morphisms f'^{V) : OyiV) 
Ox{f-\V)) in / and Pf-Hv)u ■ Ox{f-HV)) ^ Ox{U) in Ox- Define flf : 
f* (T* y) -> T*X to be the induced morphism of the associated sheaves. 

Remark 6.15. There is an alternative definition of the cotangent sheaf T*X of 
X = (X, Ox) following Hartshorne [17 j p. 175]. We can form the product X x 
X = (X X X, Oxxx) in C°°RS, and there is a natural diagonal morphism Ax : 
X —?' X 'X 2£- Write I for the sheaf of ideals in Oxxx associated to Ax, that 
is, for open UCXxX, I{U) = Ker(A^)(C/) : Oxxx{U) ^ Ox(Ax-^(C/))), 
as an ideal in Oxy.x{U). Then T*X = This can be proved using 

the equivalence of two definitions of cotangent module in [17] Prop. II.8.1A]. 

Here are some properties of cotangent sheaves: 

Theorem 6.16. (a) Let <t be a finitely generated C°° -ring and X — Spec£. 
Then there is a canonical isomorphism T*X = MSpec fi^ . 

(b) Let X he a fair affine C°° -scheme. Then 'PT*X in Definition 16.141 is a 
sheaf so that VT*X = T*X and {T*X){U) = f^Ox(c/) for all open U CX. 

(c) Let X be a locally good -scheme. Then T*X is a coherent sheaf. 

(d) Suppose X is an n-manifold, which may have boundary or corners, and 
X = ^Man^'^'^("'^) notation of Definition 14.131 Then T*X is a rank n 
vector bundle on X, with (T*X){U) ^ C°°{T*X\u) for all open U CX. When 
X = := [0,00)'=^ X R"-*^ we have T*{W'^) 9^ Ok- ®r («")*• 
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Proof. For (a) , let f/ C X be open. Then by Proposition 14.171 there exists 
a characteristic function c € £ for U, and Proposition 14.211 gives a canonical 
isomorphism Ox{U) = i?fg(£[c^^]) . Propositions 15 . l41 and [031 then give 

^ (g>e €[c-']) <»£[c-i] Ox{U)) ^ (g>c Ox{U)). 

Hence the presheaf VT*{X,Ox) in Dcfinition l6.14l is canonically isomorphic to 
the presheaf U ^ Rlni^c ®£ Ox{U)). But by Theorem EUlJd), this presheaf 
is canonically isomorphic to the sheaf MSpeci7(r, proving (a). Also, this shows 
that the presheaf VT*{X, Ox) is a sheaf when X — Spec £ for £ fair. Since this 
only depends on X up to isomorphism, part (b) follows. 

For (c), as X is locally good it can be covered by open U C X with 
{U,Ox\u) — Spec£ for some good C°°-ring £. By (a), this isomorphism 
identifies T*X\u with MSpecfie*- Since is finitely presented by Theorem 
Km T*X is coherent. For (d), as T*M.l = EJ! x (E")* we have 17coo(r^) ^ 
C°°(E^) (8)R (R")*, and thus T*{WQ ^ Or^ (8)r (E")* by (a). Any n-manifold 
X can be covered by open U diffcomorphic to E^, so that (C/, Ox\u) — ^^'^ 
T*X\u = Ox\u (8r (R")* by jST]). Hence T*X is a vector bundle of rankTT. □ 

Here are some important properties of the morphisms flf in Definition 16. 141 
Equation ([Ml) is an analogue of (PT|) and ((?7)) . 

Theorem 6.17. (a) Let f ■ X ^ Y and g ■ Y ^ Z be morphisms of C°°- 
schemes. Then 

ilgof = nf O r{n,) O If,g{T*Z) (32) 

as morphisms {g° f )*{T*Z) — > T*X in O^-mod. Here ilg : g*{T*Z) — > T*Y in 
Oy-mod, so applying f* gives : f*ig*{T*Z)) ^ 'f*'{T*Y) in Ox-mod, 

and If^g(T*Z) : {go f)*{T*Z) f*ig*{T*Z)) is as m RemarkWM 
(b) Suppose W , X,Y, Z are locally fair C°° -schemes with a Cartesian square 

W ^Y 

\e i _4 (33) 
X — ^^Z 

in C°°Sch"^, so that W = X Xz Y. Then the following is exact in qcoh(iy) : 

e*(ng)0/,,g(T*Z)© 

[g ° e_)*{T*Z) — : — i:= i e* {T*X) ® /* (T* Y) ~ \ T*W 0. (34) 



Proof. Combining two or three sheafifications into one as in the proof of Propo- 
sitionEH we see that the sheaves T* X J* {T*Y) J* {g* {T* Z)) and {gof)*(T*Z) 
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on X are isomorphic to the sheafifications of the fohowing presheaves: 

T*X w u^nox(u), (35) 

r(r*Y) w U ^ ^]im^na,^v)^oHV)OxiU), (36) 

rig*{T*Z)) - C/H-^ hm hm (flo.W (37) 
(5o/)*(r*Z) - [/^ Km no,(w)(^o,(w)Ox{U). (38) 

- - W3go/((7) 

Then ilf,ilgof,f*{i^g),If.g{T*Z) are the morphisms of sheaves associated to 
the following morphisms of the presheaves in (|35|) -(|38 l) : 



% ^ C^^^]im^j(^^p,-i,,,„o/*(y))*, (39) 



fi^s) - C/^^linr^^^hm^^(l^p^_,^^,^o,«w)*, (41) 

Ifg{T*Z) ^ lim lini 7^,,/^/, (42) 

-- ~ V^f(U)W^g(V) 

where luvw ■ ^Oz{w) ®Oz(iv) ^^(C/) -> (f^Oz(w) ^02(1^) C'y(^)) ^©^(y) 
Ox(U) is the natural isomorphism. 

Nowif t/CX, FCr, M/CZare open withyD/(J7), WDg{V) then 

P(ffo/)-iwc/° (5°/)"(^) = ° /*(^)] ° [Ps-i(w)v offHW^)] 

as morphisms OziW) — !• C'x(t^), so fJ^oj/' = ^^i/i ° in Definition 15. 101 implies 

Taking limits limy^ f(^jj-^ \\mY/^g(v) implies that the presheaves in p9l) - P^ sat- 
isfy the analogue of ((32|) . so passing to morphisms of sheaves proves (a). 

For (b), first observe that as ([33l) is commutative, by (a) we have Sle o 

e*{ng) O Ie,g{T*Z) = Ogoe = ^hof = % O /* (^i,,) O If,h{T*Z), SO ileO {e* {fig) O 

Ie,g{T*Z)) -nfo {r{hh) o I^^h{T*Z)) = 0, and ([Ml) is a complex. To show it 
is exact, since exactness is a local condition it is enough to show that W can be 
covered by open sets W C W with the restriction of (p4|) to W exact. 

Let {x,y) G W, so that x € X and y G Y with f{x) = g{y) = z € Z. 
As Z is locally fair we can choose an open neighbourhood Z' oi z ^ Z with 
Z' = {Z',Oz\z') = SpecC for a finitely generated C°°-ring. As X,r are 
locally fair we can choose open neighbourhoods X' of x in f~^{Z') C X and Y' of 
y in g-^^') C F with X' = {X',Ox\x') = Spec®, Y = {Y',Oy\y') = Spec€ 
for D, € finitely generated C°°-rings. Set W = X' nY' nW, and g' = 2) £. 
Then is a finitely generated C°°-ring, and W is an open neighbourhood of 
{x,y) in W with = (W^', Ovy |vk') — Spec^J, since Spec preserves limits. 

Theorem IG.lGf a) now shows that the isomorphisms W' = Spec . . ,Z' = 
SpecC identify T*W' = MSpecfi^, . . .,T*Z' ^ MSpecl^c. Theorem [EH] gives 
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an exact sequence of ^J-modules (ICT . Applying the exact functor MSpec gives 
an exact sequence in qcoh(_M^'). Using the identifications above and Proposition 
16. 8[ this exact sequence is identified with the restriction of ([M)) to W . Thus we 
may cover W by open subsets W such that is exact on W' . □ 



7 Background material on stacks 

In we will study C°°-stacks, that is, various classes of stacks on the site 
(C°°Sch, JT) of C°°-schemes with the open cover topology. As a preparation 
for this we now recall some background we will need on stacks. This section 
explains theory for stacks on an arbitrary site (C, J') satisfying various extra 
conditions, and fjl] covers material specific to C°°-schemes and C°°-stacks. 

Nothing in this section is really new, although our presentation is not always 
standard. Where there are several equivalent ways of presenting something, for 
instance, defining Grothendieck topologies using either coverings or sieves, we 
have chosen one. Our principal references are Artin [5], Behrend et al. [3], 
Gomez [15], Laumon and Moret-Bailly [24], Metzler [28], and Noohi [34] . 

The topological and smooth stacks discussed by Metzler and Noohi are closer 
to our situation than the stacks in algebraic geometry of [3l[T5l[24], so we often 
follow [281134] ■ particularly in §7.51 which is based on Metzler |28', §3]. Heinloth 
[T5] and Behrend and Xu ^ also discuss smooth stacks. 



7.1 Grothendieck topologies, sites, prestacks, and stacks 

Definition 7.1. A Grothendieck topology J' on a category C is a collection of 
families {ipa ' Ua — > U}aeA of morphisms in C called coverings^ satisfying: 

(i) li Lp :V ^ U is an isomorphism in C, then {ip : V is a, covering; 

(ii) If {tpa ■■ Ua U}aeA IS a covcriug, and {ipab ■ Vab UajbeBa is a covering 
for ah a€ A, then {ipa o ipab ■ Vab -> UjaeA, bes^ is a covering. 

(iii) If {(fia '■ Ua — > U}aeA is a covering and -tp : V ^ U is a morphism in C 
then {ttv ■ Ua 'Xipa,u,ip V — > V}aeA is a covering, where the fibre product 
Ua 'Xu V exists in C for all a ^ A. 

A site (C, J') is a category C with a Grothendieck topology J^. 

Definition 7.2. Let C be a category. A category fibred in groupoids over C is 
a functor px : X C, where X is a. category, such that given any morphism 
5 : Ci — > 6*2 in C and X2 € X with px{X2) = C2, there exists a morphism 
/ : Xi X2 in X with pxif) = 9-, and given commutative diagrams (on the 
left) in X, in which g is to be determined, and (on the right) in C: 

Xi ^ ■^X2 „^ PxiXi) ■ ^px{X2) 

\ 3 9 (43) 



■^3 "^''^pxiX: 



3) 
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then there exists a unique morphism g as shown with px{g) = g' and f — ho g. 
Often we refer to X as the category fibred in groupoids (or prestack, or stack, 
etc.), leaving px implicit. 

Definition 7.3. Let (C, J') be a site, and px : A" — > C be a category fibred 
in groupoids over C. We call X a prestack if whenever {ipa : Ua — > U}aeA is 
a covering family in J7 and we are given commutative diagrams in X,C for all 
a,b € A, in which / is to be determined: 

Xab ^Yab ^^UaXuUb^=UayiuUb 

\ \ \ \ \ (44) 



X - -^ Y U U, 

then there exists a unique f : X Y in X with pxif) — ^^u making (|44p 
commute for all a €z A. 

Let Px ■ X ^ C he a, prestack. We call X a stack if whenever {^pa ■ Ua — >■ 
U}aeA is a covering family in J7 and we are given commutative diagrams in 
X,C for all a, 6, c e A, with Xab = Xba, Xabc = Xbac = Xacb, etc., in which the 
object X and morphisms be determined: 

Xabc ^ Xac UaXuUbXuUc ^ UaXuUc 

Ae-X, \ (/aXc/f/b X^C/a 



^bc Xtc *- Xc 

xA '^^x^- 




then there exists X Cz X and morphisms Xa '■ Xa X with px{xa) — <Pa for all 
a £ A, making (j45|) commute for all a,b,c E A. 



Thus, in a prestack we have a sheaf-like condition allowing us to glue mor- 
phisms in X uniquely over open covers in C; in a stack we also have a sheaf-like 
condition allowing us to glue objects in X over open covers in C. 

Definition 7.4. Let (C, J') be a site. A 1-morphism between stacks or prestacks 
A", 3^ on {C,J) is a functor F : X ^lihpyoF = px '.X ->-C. MF,G : X 
y are 1-morphisms, a 2-morphism i] : F ^ G is an isomorphism of functors. 
That is, for all X E X we are given an isomorphism ri{X) : F{X) — )■ G{X) in y 
such that if / : Xi — > X2 is a morphism in X then 77(^2) oF(/) = G{f)or][Xi) : 
F{Xi) —7' G{X2) in y. With these definitions, the stacks and prestacks on (C, J) 
form (strict) 2-categories, which we write as Sta^^j) and Presta^^ j). 

A suhstack 3^ of a stack A" is a strictly full subcategory 3^ in A" such that 
Py '■= Px\y : 3^ C is a stack. The inclusion functor i^; : 3^ ^ A" is then a 
1-morphism of stacks. 

We will not define 2-categories, but some useful references on 2-categories 
for stack theory are [31 App. B] and App. B]. In a 2-category C, there 
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are three notions of when objects X,Y in C are 'the same': equality X = Y, 
and isomorphism, that is we have l-morphisms f : X ^ Y, g : Y ^ X with 
g o f = idx and f ° g = id^, and equivalence, that is we have l-morphisms 
f : X ^ Y , g -.Y ^ X and 2-isomorphisms rj : go f ^ idx and ( f o g ^ idy. 
Usually the weakest notion, equivalence, is the right one to use. We write X ~ y 
to mean X is equivalent to Y. 

If X, Y are objects in C and f,g : X ^ Y are l-morphisms then f = g 
means / is 2-isomorphic to g. Write Hom(X, Y) for the category with objects 
l-morphisms f,g:X^YinC and morphisms 2-morphisms 77 : / g in C. 

Definition 7.5. Let {C,J) be a site, and A" a prestack on {C,J), so that 
Sta(c and Presta^c j-) are 2-categories. A stack associated to X, or stack- 
ification of X , is a stack A" with a 1-morphism of prestacks j : A" — )■ A", such 
that for every stack 3^, composition with i yields an equivalence of categories 

Hom(A,3^)^ lLoxa{X,y). 

As in Lem. 3.2], every prestack has an associated stack, just as every 
presheaf has an associated sheaf. 

Proposition 7.6. For every prestack X on {C,J^) there exists an associated 
stack i : X ^ X, which is unique up to equivalence in Sta.(^c,j)- 

7.2 Commutative diagrams and fibre products 

Commutative diagrams in 2-categories should in general only commute up to 
(specified) 2-isomorphisms, rather than strictly. A simple example of a commu- 
tative diagram in a 2-category C is 



which means that X, Y, Z are objects oi C, f : X Y , g : Y ^ Z and 
h : X ^ Z are l-morphisms in C, and rj : g o f ^ h is a, 2-isomorphisni. We 
define fibre products in 2-categories, following O §3, Def. B.13]. 

Definition 7.7. Let C be a 2-category and f : X Z, g : Y ^ Z he 1- 

morphisms in C. A fibre product X Xz Y in C consists of an object W, 1- 
morphisms irx : W ^ X and ny : W ^ Y and a 2-isomorphism rj : f o nx =^ 
g o TTy in C with the following universal property: suppose tt^ : W' — X and 
tt'y : W —T' Y are l-morphisms and rj' : f o tt^ ^ g o Ti'y is a 2-isomorphism 
in C. Then there should exist a 1-morphism h : W' W and 2-isomorphisms 
Cx '■ T^x o /i => 77^, Cy '■ T^Y o /i -k'y such that the following diagram of 
2-isomorphisms commutes: 




h 




^ g o TTY o h 
=^ go tt'y- 
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Furthermore, if h,C,x,CY arc alternative choices of h,(^x,CY then there should 
exist a unique 2-isoniorphisni 9 : h ^ h with 

Cx = Cx& {id^x and = Cy & (id,rr *^)- 

Here we write g o f : X ^ Z for the horizontal composition of l-m,orphisms 
f : X ^ Y, g : Y ^ Z, and ^ © 77 : / ft for the vertical composition of 
2-morphisms r] : f g, ( : g h, and ( * r/ : g o f =^ g' o f ior the horizontal 
composition of 2-morphisms rj : f ^ /', C : g — > g' in C. If a fibre product 
X XzY in C exists then it is unique up to equivalence. Given a fibre product 
in C as above, the following is called a 2-Cartesian diagram: 

W — ^ Y 

7rx| f +^ 

X -^z. 

In the 2-category Sta^c^j) of stacks on a site {C,J), there is a natural 
construction of fibre products: if X,y,Z are stacks and F : X ^ Z , G : y ^ Z 
are 1-morphisms, define a category W to have objects (X, F, a), where X E X, 
Y E y and a : F{X) — >■ G{Y) is an isomorphism in Z with px{X) = py{Y) = U 
anApxioi) = idu inC, and for objects (Xi, Yi,ai), (X2,F2,a2) in Wamorphism 
(/, g) ; (Xi, Yi,q:i) ^ (^2,^2,02) in W is a pair of morphisms f : Xi ^ X2 
in X and ,g : li — > F2 in 3^ with px{f) = Pyig) = f '■ U V in C and 
02 o F{f) = G{g) o ai : F{Xi) G(F2) in Z. Then W is a stack over (C, J). 

Define 1-morphisms pw : W — )■ C by pw '■ i^TY^a) h- > px{X) and pvv ^ 
if, 9) H> Pa'C/), and tta' : W ^ A' by wx : (^,^,0) ^ ^ and wx : H> /, 

and TTy : W ^ y hy TTy : {X, Y,a) 1-^ Y and ny : (/, 5) g(. Define a 2- 
morphism rj : F o nx ^ G o wy hy ri{X, Y, a) = a. Then W, tt^-, ttj;, jj is a fibre 
product X Xzy in Sta.(^c,j)- 

The functor idc : C — )• C is a terminal object in Sta(c,j'), and may be thought 
of as a point *. Products X x y in Sta^cj-) are fibre products over *. If A" is a 
stack, the diagonal 1-morphism is the natural 1-morphism lS.x : X ^ X x X. 
The inertia stack Ix of X is the fibre product X x/:^^^xxx,/ix '^^ "^it^ natural 
inertia 1-morphism, lx '■ Ix ^ X from projection to the first factor of X. Then 
we have a 2-Cartesian diagram in Sta^c^j-): 

Ix ^X 

^ ft (46) 
X— ^X X X. 

There is also a natural 1-morphism jx '■ ^ Ix induced by the 1-morphism id^- 
from X to the two factors X in Ix = X x xxx and the identity 2-morphism 
on A;f o id^- : X ^ X X X. 

7.3 Descent theory on a site 

The theory of descent in algebraic geometry, due to Grothendieck, says that 
objects and morphisms over a scheme U can be described locally on an open 
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cover {Ui : i £ 1} oi U. It is described by Behrend et al. [3J App. A], and 
at length by Vistoli |40]. We shall express descent as conditions on a general 
site iC,J). 

Definition 7.8. Let (C, J') be a site. We say that (C, J^) has descent for objects 
if whenever {ipa '■ Ua — > U}aeA is a covering in and we are given morphisms 
fa : Xa — ^ Ua in C for all a G A and isomorphisms gab '■ Xa ^tp^of^,u,if>b 
Xb '>^iphofi,u,ipa Ua in C for all a,h £ A with gab = gba such that for all a,b,c G A 
the following diagram commutes: 

{Xa Xy^o/„, (7,(^6 Ub) 'X-rru.U.ipc Uc — [Xb 'X ip^o ft,U ,ipa Uc) ^TTu.U.ipa Ua ~ 

{Xa X (fi^of^.U.ipa Uc) >^TTu,U,>fib Ub fftaXidc/^ {Xb X J, o /[,,[/, 1/3 „ Ua) XTru,U,ipa Uc 

{Xc X^^of^,U,ipa Ua) XTr[/,(7,ip(, Ub = 

X TTfy ,f7,C/3^ 

then there exist a morphism f : X U in C and isomorphisms ga ■ Xa — )■ 
X X C/o for all a € A such that fa = ttu^ ° ffa and the diagram below 

commutes for all a, & € A: 

Xa Xy^o/„, [7,1/36 Ub ^ {X y-f jj,^^ Ua) X Ub 

gaXidLT. 

.6 X Xf^U^T^jj {Ua X;/3„, (7,1/36 C^fc) 

-1 t — 

Xb 'X^j^ofb,U,V>a Ua {X Xy^j/^^^ J/^) X ^^ottlt^ ,;7,<,5o C^a- 

Furthermore X, f should be unique up to canonical isomorphism. Note that all 
the fibre products used above exist in C by Definition 1 7 . 1 f iii) . 

Definition 7.9. Let (C, J^) be a site. We say that (C, J^) has descent for mor- 
phisms if whenever {ipa '■ Ua — > U}aeA is a covering in and f : X ^ U, 
g : Y U and ha : X x f,u,ipa Ua ^ Y Xg^jj^^^ Ua for all a e A are morphisms 
in C with ttu^ o ha — i^jja and for all a,b £ A the following diagram commutes: 

{X Xf^u^ip^ Ua) X^^oTTu^.U.ipt, Ub — ^ {Y Xg^u^^^ Ua) X ^^07Tu„ .U.ipb Ub 

ha X lO-lJ, 

^ ^f,U,TTu {Ua ^^a;U.,^t Ub) y >^g,U,7ru {Ua ^ipa-.U-.'Pb Ub) 

{X 'Xf^u,vb Ub) X i {Y Xg^u.pb Ub) X 

then there exists a unique h : X ^ Y in C with ha — h x iAjj^ for all a £ A. 

Then [3l Prop.s A. 12, A. 13 & §A.6] show that descent holds for objects and 
morphisms for afRne schemes with the fppf topology, but for arbitrary schemes 
with the fppf topology, descent holds for morphisms and fails for objects. 
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7.4 Properties of 1-morphisms 



Objects V in C yield stacks V on (C, J). 

Definition 7.10. Let (C,J) be a site, and V an object of C Define a category 
y to have objects (C/, 0) where U & C and 6* : J7 — ?► F is a morphism in C, and 
to have morphisms ip : (?7i, 0i) — > (C/2, ^2) where ^/^ : C/i — > C/2 is a morphism in 
C with 6*2 o V; = 6*1 : L/i ^ T/. Define a functor : F ^ C by : ([/, 6*) [/ 
and py : 1-^ ip. Note that py is injective on morphisms. It is then automatic 
that Py : V ^ C is a category fibred in groupoids, since in P5t we can take 
g = g' . It is also automatic that py : V C is a. prestack, since in pi)) we must 
have Xa = Ya ^ {Ua,0a), Xa ^ Ua ^ fa-, X = Y ^ {U,9), ctc, and the unique 
solution for f is f ~ id[/. 

The site {C,J) is called subcanonical if is a stack for all objects V E C. 
If descent for morphisms holds for {C,J) then {C,J) is subcanonical. Most 
interesting sites are subcanonical. Suppose (C, Sf) is a subcanonical site. If 
f : V ^ W is a. morphism in C, define a 1-morphism f : V ^ W ix\ Sta(c 
by / : (t/, e) ^ {UJ o 0) and f : ^ ip. Then the (2-)functor V <-^V, f ^ f 
embeds C as a full discrete 2-subcategory of StSL(^c,j)- 

Definition 7.11. Let {C,J) be a subcanonical site. A stack X over {C,J) is 
called representable if it is equivalent in Sta(c to a stack of the form V for 
some V € C. A 1-morphism F : X ^ y in Sta^^ j-) is called representable if 
for all y e C and aU 1-morphisms G -.V y, the fibre product X x F,y,G ^ in 
Sta^c is a representable stack. 

Remark 7.12. For stacks in algebraic geometry, one often takes a different 
definition of representable objects and 1-morphisms: (C, J) is a category of 
schemes with the etale topology, but stacks are called representable if they are 
equivalent to an algebraic space rather than a scheme. This is because schemes 
are not general enough for some purposes, e.g. the quotient of a scheme by an 
etale equivalence relation may be an algebraic space but not a scheme. 

In our situation, we will have no need to enlarge C°°-schemes to some cate- 
gory of 'C°°-algebraic spaces', as C°°-schemes are already general enough, e.g. 
the quotient of a locally fair C°°-scheme by an etale equivalence relation is a 
locally fair C°°-scheme. This is because the natural topology on C°°-schemes 
is much finer than the Zariski or etale topology on schemes, for instance, affine 
C°°-schemes are always Hausdorff. 

Definition 7.13. Let {C^J) be a subcanonical site. Let P be a property of 
morphisms in C. (For instance, if C is the category Top of topological spaces, 
then P could be 'proper', 'open', 'surjective', 'covering map', . . . ). We say that 
P is invariant under base change if for all Cartesian squares in C 



W ■ 
X- 



-Y 

h\ 
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if g is P, then / is P. We say that P is local on the target if whenever / : 
U V is a morphism in C and {if a ■ Va ~^ V}aeA is a covering in such that 
TTy^ : U X K — ^ Va is P for all a e A, then / is P. 

Let P be invariant under base change and local in the target, and let F : 
X y he a. representable l-morphism in Stai^^.j)- W € C and G : W ^ y 
is a l-morphism then X x F,y,G W is equivalent to V for some V ^ C, and 
under this equivalence the l-morphism tt-^ : X x F,y,G W -^W is 2-isomorphic 
to / : 1^ — >■ for some unique morphism f : V W 'vci C. We say that F 
has property P if for all G C and 1-morphisms G : W ^ y, the morphism 
f : V ~^ W inC corresponding to : X x F,y,G W ^ W has property P. 

We define surjective 1-morphisms without requiring them representable. 

Definition 7.14. Let {C,J^) be a site, and : A" ^ 3^ be a l-morphism in 
Stajcj)- We call F surjective if whenever Y E y with py{Y) — U G C, 
there exists a covering {ipa : Ua -> U}aeA in J such that for all a G A there 
exists Xa G X with pA'(-'^^a) = Ua and a morphism : ^i^a) Y in y 
with P3;(ga) = (/^a- 

Following 24, Prop. 3.8.1, Lem. 4.3.3 & Rem. 4.14.1], §6], we may prove: 
Proposition 7.15. Let {C,J^) be a subcanonical site, and 

w ^y 

e| t '^f^ (47) 

X -^z 

be a 2-Cartesian square in Sta(c.j-). Let P be a property of morphisms in C 
which is invariant under base change and local in the target. Then: 

(a) // h is representable, then e is representable. If also h is P, then e is P. 

(b) // g is surjective, then f is surjective. 

Now suppose also that (C,J^ has descent for objects and morphisms, and that 
g (and hence f) is surjective. Then: 

(c) // e is surjective then h is surjective, and if e is representable, then h is 
representable, and if also e is P, then h is P. 

7.5 Geometric stacks, and stacks associated to groupoids 

The 2-category Sta(c j-j of all stacks over a site {C,J) is usually too general 
to do geometry with. To obtain a smaller 2-category whose objects have better 
properties, we impose extra conditions on a stack X: 

Definition 7.16. Let {C,J) be a site. We call a stack X on {C,J) geometric 
if the diagonal l-morphism /S.x : X X x X is representable, and there exists 
U € C and a surjective l-morphism 11 : t/ — > A", which we call an atlas for 
X. Write GSta(^c,j) for the full 2-subcategory of geometric stacks in Sta(c,j-). 
Here Ax representable is equivalent to 11 representable, as 11 is surjective. 



56 



To obtain nice classes of stacks, one usually requires further properties P of 
Ax and U. For example, in algebraic geometry with (C, J) schemes with the 
etale topology, we assume A;^ is quasicompact and separated, and 11 is etale 
for Deligne-Mumford stacks X, and 11 is smooth for Artin stacks X. 

The following material is based on Metzler §3.1 & §3.3], Laumon and 
Moret-Bailly [Ml §§2.4.3, 3.4.3, 3.8, 4.3], and Lerman [551 §4.4]. 

We can characterize geometric stacks X up to equivalence solely in terms of 
objects and morphisms in C, using the idea of groupoid objects in C. 

Definition 7.17. A groupoid object ([/, V, s, t, u, i, m) in a category C, or simply 
groupoid in C, consists of objects U^V in C and morphisms s^t : V U , 
u : U V, i :V ^ V and m : V Xg ^/ t V ^ V satisfying the identities 

s o u — t o u — idu, soi = t, toi = s, so m = 301:2, tom^toni, 
m o (i X idy) = M o s, too (idy xz) = u o t, 
m o (to X idy) = TO o (idy xto) -.Vxi/VxuV — > V, 
TO o (idy xu) — mo [ux idy) -.V — V Xjj U — > V, 

where we suppose all the fibre products exist. 

Groupoids in C are so called because a groupoid in Sets is a groupoid in 
the usual sense, that is, a category with invertible morphisms, where U is the 
set of objects, V the set of morphisms, s : V ^ U the source of a morphism, 
t : V ^ U the target of a morphism, u : U ^ V the unit taking X 1— > idx , i the 
inverse taking / 1— f~^, and to the multiplication taking {f,g)^fog when 
s(/) = t{g). Then (|48ll reduces to the usual axioms for a groupoid. 

From a geometric stack with an atlas, we can construct a groupoid in C. 

Definition 7.18. Let {C,J) be a subcanonical site, and suppose X is a, geo- 
metric stack on (C, J) with atlas li : U ^ X . Then U Xn,xji U is equivalent 
to V for some y e C as 11 is representable. Hence we can take V to be the fibre 
product, and we have a 2- Cartesian square 

V- 

U ^X 

in StEL(^Q jy Here as (C, J^) is subcanonical, any 1-morphism V ^ U in Sta(c 
is 2-isomorphic to / for some unique morphism f : V ^ U in C. Thus we may 
write the projections in ([^^ as s, t for some unique s,t : V U in C. 

By the universal property of fibre products there exists a 1-morphism H : 
U ^ V unique up to 2-isomorphism with s o ~ idfj i o H. This H is 
2-isomorphic to u : U ^ V for some unique morphism u : U V in C, and 
then sou — tou^ idu. Similarly, exchanging the two factors of U in the fibre 
product we obtain a unique morphism i : V V inC with soi ~ t and toi — s. 
In Sta(c we have equivalences 

Vxs.^u.tVc^V Xg^^jV- (C7 xxU)xfj [U xxU)c^U xxU xx U. 
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Let m : V Xs^u.tV — >■ be the unique morphism in C such that fh is 2-isomorphic 
to the projection V Xs,u,t V ^ V — U XxU corresponding to projection to the 
first and third factors of tj in the final fibre product. It is now not difficult to 
verify that ([/, V, s, t, u, i, m) is a groupoid in C. 

Conversely, given a groupoid in C we can construct a stack X . 

Definition 7.19. Let {C^J) be a site with descent for morphisms, and (C/, 
y, s, w, i, to) be a groupoid in C. Define a prestack X' on {C,J) as follows: 
let X' be the category whose objects are pairs (T, /) where / : T — ?7 is a 
morphism in C, and morphisms are (p, q) : (Ti, /i) (T2, /2) where p : Ti — )■ T2 
and q : Ti ^ V are morphisms in C with /i = s o q and f2°P = t o q. 
Given morphisms {pi,qi) : (Ti,/i) ^ (T2,/2) and (p2,'?2) ■ {T2J2) ^ {T3J3) 
the composition is (p2,'?2) o (pij^i) = (p2 o pi,m o (gi x ((j2 o P2))), where 
gi X (g2 ° P2) : Ti — > F Xt^[/^s 1^ is induced by the morphisms qi : Ti V and 
92 ° P2 : 7i — ^ V^, which satisfy t o g^ = f2 o pi = s o (52 o ^2)- 

Define a functor : A"' — > C by px' ■ (T, f) ^ T and pa'' : (p, <z) ^ P- 
Using the groupoid axioms we can show that px' : X' ^ C \s a. category 
fibred in groupoids. Since {C^J^ has descent for morphisms, we can also show 
X' is a prestack. But in general it is not a stack. Let X be the associated 
stack from Proposition 17.61 We call X the stack associated to the groupoid 
(U, V, s, M, i, to). It fits into a natural 2-commutative diagram (j49l) . 

Groupoids in C are often written V ,io emphasize s,t : V U, leaving 
u,i,m imphcit. The associated stack is then written as [V =t U]. 

Our next theorem is proved by Metzler [28j Prop. 70] when (C, J^) is the site 
of topological spaces with open covers, but examining the proof shows that all 
he uses about (C, J) is that fibre products exist in C and (C, J) has descent for 
objects and morphisms. See also Lerman [25l Prop. 4.31]. If fibre products may 
not exist in C then one must also require the morphisms s^t in {U,V, s,t,u,i, to) 
to be representable in C, that is, for all / : T — >■ [/ in C the fibre products 
Tf,u,sV and Tf jjtV exist in C. 

Theorem 7.20. Let (C, JT) be a site, and suppose that all fibre products exist 
inC, and that descent for objects and morphisms holds in {C,J^). Then the con- 
structions of Definitions 17.181 and 17.191 are inverse. That is, if {U, V, s,t,u,i, to) 
is a groupoid in C and X is the associated stack, then X is a geometric stack, 
and the 2-commutative diagram is 2-Cartesian, and 11 in ([^^ is surjective 
and so an atlas for X, and {U,V, s,t,u,i,m) is canonically isomorphic to the 
groupoid constructed in Definition 17.181 from the atlas H:IJ X. Conversely, 
if X is a geometric stack with atlas li.U — >■ A", and {U,V, s,t,u,i,m) is the 
groupoid in C constructed from 11 in Definition I7.18[ and X is the stack as- 
sociated to {U,V, s,t,u,i,m) in Definition 17.191 then X is equivalent to X in 
Sta(c Thus every geometric stack is equivalent to a groupoid stack. 
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In the situation of Theorem 17.201 we have 2-Cartesian diagrams 



tJ- 



^ ^sxt,UxU,A(j U- 



t 

n 



nosxiiot 
n 



-u 

Ix 



V — 

sxtt 

U xU- 



u — 

oxide/ i 
^^sxf,£7xC7.A, 



ft 



ft 

U ■ 



nos 
nxn 



^ X 

XY.X. 



n 

riosxiiot 



~X 



(50) 



with surjective rows. So from Proposition 1 7 . 1 5l we deduce: 

Corollary 7.21. In the situation of Theorem 17.201 let P be a property of 
morphisms in C which is invariant under base change and local in the target. 
Then TL : U ^ X is P if and only if s : V ^ U is P, and Ax : X ^ X x X 
is P if and only if s x t : V ^ U x U is P, and ix '■ Ix ^ is P if and 
only if TTij : V x^xt.fyxa.Ac/ U ^ U is P, and jx ■ X ^ Ix is P if and only if 
uxidu --U Xsxt,uxUAu U is P. 

We can describe atlases for fibre products of geometric stacks. 

Example 7.22. Suppose {C,J') is a subcanonical site, and all fibre products 
exist in C. Let 

w 

^ Y (51) 

X 

be a 2-Cartesian diagram in Sta(c j-), where X,y, Z are geometric stacks. Let 
: Ux X and Hy : Uy — 3^ be atlases. As Az is representable the fibre 
product Ux 'X goHx ,z M'ny Uy is represented by an object Uw of C. Then we 
have a 2-commutative diagram, where we omit 2-morphisms: 




Here the five squares in (|52p are 2-Cartesian, although the triangles are not. 
Define IIw = 7r2 o tti : Uw W, where tti,tt2 are as in ((52|) . Proposition 
I7.15f a').(b') imply that 7ri,7r2 are representable and surjective, since n;i^,nj; are. 
Hence Hyy = o tti is also representable and surjective, so W is a geometric 
stack, and Hyy is an atlas for W. In the same way, if is a property of 
morphisms in C which is invariant under base change and local in the target 
and closed under compositions, and Tlxi Hj; are P, then Hw is P. 

Now let Vw = Uyv Xvv Uw and complete to a groupoid {Uw^Vw, sw,tw, 
uw, lyv, myv) in C as above, with W ~ [Vw ^ Uw], and do the same for X, y. 
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Then by a diagram chase similar to ([5^ we can show that 

Vw = Vx>^zVy and Vw = {Uw ^Ux Vx) Vy. (53) 



Corollary 7.23. Suppose (C, J^) is a suhcanonical site, and all fibre products 
exist in C. Then the 2-subcategory GSta(c of geometric stacks is closed 
under fibre products in Staj^ j-) . 

8 C°°-stacks and orbifolds 

We now discuss C°°-stacks, that is, geometric stacks over the site (C°°Sch, J') 
of C°°-schemes with the open cover topology. The author knows of no previous 
work on these. We assume the background material of 33 Our principal interest 
is in Deligne-Mumford C°° -stacks, which are C°°-stacks locally modelled on 
quotients [U/G] for U an affine C°°-scheme and G a finite group. As we explain 
in H8.8[ orbifolds (which may be without boundary, or with boundary, or with 
corners) may be defined as a 2-subcategory of Deligne-Mumford C°°-stacks. 
The author found Metzler [2H] and Noohi |^ useful in writing this section. 

8.1 C°°-stacks 

Definition 8.1. Define a Grothendieck topology J' on the category C°°Sch of 
C°°-schemes to have coverings {ia ■ Ua ~^ U}aeA where Va — ia{Ua) is open in 
U with ia ■ Ua ^ {Va, Ou\v^) and isomorphism for all a £ A, and U — IJasA 
Using Proposition l4.25l we see that up to isomorphisms of the [/„, the coverings 
{ia ■ Ha — ^ U}aeA of U corrcspond exactly to open covers {Va : a e A} of [/. 

It is a straightforward exercise in sheaf theory to prove: 

Proposition 8.2. The site (C°°Sch, J^) has descent for objects and morphisms. 
Thus it is subcanonical. 

The point here is that since coverings oiU va J are just open covers of the 
underlying topological space U , rather than something more complicated like 
etale covers in algebraic geometry, proving descent is easy: for objects, we glue 
the topological spaces Xa of Xa together in the usual way to get a topological 
space X, then we glue the together to get a presheaf of C°°-rings Ox on 
X isomorphic to Oxa on Xa C X for all a € A, and finally we sheafify Ox to a 
sheaf of C°°-rings Ox on X, which is still isomorphic to Oxa on Xa C X. 

Definition 8.3. A C°°-stack is a geometric stack on the site (C°°Sch, »/). 
Write C°°Sta for the 2-category of C°°-stacks, C°°Sta = GSta(c~sch,j)- 
is a C°°-scheme then X is a C°°-stack. Write C°°Sch'^P, C°°Sch's, C°°Schi^ 
C°°Sch for the full 2-subcategories of C°°-stacks X in C°°Sta which are equiv- 
alent to X for X in C^Sch'^P, C°°Sch's, C^Sch'^ or C°°Sch, respectively. 
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Since (C°°Sch, J) is a subcanonical site, the embedding C°°Sch — > C°°Sta 
taking X X, / / is fully faithful. Hence C°°Sch'fP, C°°Sch's, C°°Sch'f , 
C°°Sch are equivalent to C°°Sch'fP, C°°Sch's, C^Sch'^ , C°°Sch, considered 
as 2-categories with only identity 2-niorphisnis. In practice one usually does not 
distinguish between schemes and stacks which are equivalent to schemes, that 
is, one identifies C°°Sch'fP, . . . , C°°Sch and C°°Sch'fP, . . . , C°°Sch. 

Remark 8.4. Behrend and Xu |4i Def. 2.15] use 'C°°-stack' to mean something 
different, a geometric stack over the site (Man, ^Jivian) of manifolds without 
boundary with Grothendieck topology jTivian given by open covers. These are 
also called 'smooth stacks' or 'differentiable stacks' in [4l|T8ll28l|34]. We will 
write ManSta for the 2-category of geometric stacks on (Man, J/Man)- 

The full and faithful embedding F;Srrf°'' '■ Man ^ C°°Sch has JMan 
= (^Marf '^'^)*(^)' both J.Jms^n arc defined by open covers. Therefore 
there is a natural truncation 2-functor -F^gf*'^ : C°°Sta ManSta, given 
on objects by F'^sta'^ : X ^ X Xp^ ^^Sch.F^^^^h Man. See for example 
Metzler [25J Ex. 43, Lem. 44] on relating stacks on different sites. 

A stack X on (C°°Sch, J) encodes all morphisms F : IJ X iox C°°- 
schemes f/, whereas its image -Fc°°sta'^('^) remembers only morphisms F : U 
X for manifolds U. Thus the truncation functor -Fc°°sta'^ loses information, as 
it forgets morphisms from C°°-schenies which are not manifolds. 

This includes any information about nonreduced C°°-schemes, and the nilpo- 
tent parts of C°°-rings. So, for example, the point SpecM and the double point 
Spec(C°°(K)/(x^)) are different in C°°Sta, but both are taken to the point in 
ManSta. For the applications in [27 we need this nonreduced information, so 
it is not enough to work with stacks on (Man, i/Man)- 

Theorems 14.261 and 17.201 Corollarv l7.23l and Proposition 18.21 implv: 

Theorem 8.5. Let X be a C°° -stack. Then X is equivalent to a groupoid stack 
[V ^ U], where {U,V, s,t,u,i,rn) is a groupoid in C°°Sch. Conversely, any 
groupoid in C°°Sch defines a C°°-stack [V =| U]. All fibre products exist in 
the 2-category C°°Sta. 

Quotient stacks [U/G] are a special class of groupoid stacks [If =^ !/]■ 

Definition 8.6. A C°°-group G is a C°°-scheme G = (G, Og) equipped with an 
identity element 1 G G and multiplication and inverse morphisms m : G x G 
G, i : G — > G in C°°Sch such that (*, G, 7r,7r, l,i,m) is a groupoid object in 
C°°Sch. Here * — SpecM is a single point, and tt : G — > * is the unique 
morphism, and we regard 1 S G as a morphism 1 : * — > G. 

Let G be a G°°-group, and U a G°°-scheme. A {left) action of G on [/ is a 
morphism ^ : G x U ^ U such that 

{U,GxU,^T^,iJ,,lxid^, iiong)x^, im°i{TlG°2Ii)^illG°2l2)))^i2Iu°Il2)) (54) 

is a groupoid object in C°°Sch, where in the final morphism 7r]^,7r2 are the 
projections from (G x U) Xt^^.u^^j, (G x U) to the first and second factors GxU. 
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Then define the quotient stack [U/G] to be the groupoid stack [G x U ^ U] for 
the groupoid (|54l) . It is a C°°-stack. 

li G = (G, Oq) is a C°°-group then the underlying space G is a topological 
group, and is in particular a group, and if G = (G,C'g) acts on U — {U,Ou) 
then G acts continuously on U . 

If G is a Lie group then G = ^Maif *^'^('-') ^ G°°-group in a natural way, by 
applying i^Maif '^'^ smooth multiplication and inverse maps m : GxG ^ G 

and i : G —i' G. If a Lie group G acts smoothly on a manifold U with action 
H : G xU U then the G°°-group G = ^Srrf '"'^(G) acts on the G°°-scheme 
U = F^'^^'^^iU) with action = F^7n''^ip) : G x [/ ^ C/, so we can form the 
quotient G°°-stack [U/G]. 

In particular, any finite group G may be regarded as a Lie group of dimension 
0, with the discrete topology, so it has an associated G°°-group, which we will 
write as G rather than G. Then an action of G as a G°°-group on a G°°-scheme 
U is equivalent to an action of G on f/ as a finite group by isomorphisms. 

8.2 Properties of morphisms of C°°-stacks 

We define some classes of morphisms of G°°-schemes. 

Definition 8.7. Let / = (/, P) : X ^ (X, Ox) Y ^ {Y, Oy) be a morphism 
in C°°Sch. Then: 

• We call / an open embedding if = /(^) is an open subset in Y and 
(/,/«) : {X,Ox) {V,Oy\v) is an isomorphism. 

• We call / a closed embedding if / : X — > y is a homeomorphism with a 
closed subset of Y, and the morphism of sheaves of G°°-rings : Oy — >■ 
f*{Ox) is surjective. Equivalently, / is an isomorphism with a closed G°°- 
subscheme of Y. Over affine open subsets U = Spec £ in F, / is modelled 
on the natural morphism Spec(£//) ^ SpecC for some ideal / in £. 

• We call / an embedding if we may write f — g ° k where h is an open 
embedding and g is a closed embedding. 

• We call / etale if each x G X has an open neighbourhood U in X such 

that V = f{U) is open in Y and {f\u,f%) ■ {U,Ox\u) ^ {V,Oy\v) is 
an isomorphism. That is, / is a local isomorphism. 

• We call / proper ii f : X Y is a proper map of topological spaces, that 
is, if 5* C F is compact then f~^{S) C X is compact. 

• We say that / has finite fibres if f : X Y is a finite map, that is, f~^{y) 
is a finite subset of X for all y e Y. 

• We call / separated if / : X — > F is a separated map of topological spaces, 
that is. Ax = {{x,x) : x £ X^ is a closed subset of the topological fibre 
product X Xf^yjX {{x,x') e X X X : f{x) = f{x')]. 

• We call / closed if / : X — > F is a closed map of topological spaces, that 
is, S* C X closed implies f{S) C Y closed. 
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• We call / universally closed if whenever g : W Y is a morphism then 
Iw ■ 2£ X f,Y,g W is closed. 

• We call / a submersion if for all x ^ X with f{x) — y, there exists an open 
neighbourhood U oi y in Y and a morphism g — {g,g^) ■ {U,Oy\u) ~^ 
{X,Ox) with g{y) = x and f o g = id([/,Gy|„). 

• We call / locally fair, or locally good, or locally finitely presented, if when- 
ever [/ is a locally fair, or locally good, or locally finitely presented C°°- 
scheme, respectively, and g : U Y is a morphism then X x f^Y,g U is 
locally fair, or locally good, or locally finitely presented, respectively. 

Remark 8.8. These are mostly analogues of standard concepts in algebraic 
geometry, as in Hartshorne [17] for instance. But because the topology on C°°- 
schemes is finer than the Zariski topology in algebraic geometry — for instance, 
affine C°°-schemes are Hausdorff — our definitions of etale and proper are sim- 
pler than in algebraic geometry. (Open or closed) embeddings correspond to 
(open or closed) immersions in algebraic geometry, but we prefer the word 'em- 
bedding', as immersion has a different meaning in differential geometry. Closed 
morphisms are not invariant under base change, which is why we define univer- 
sally closed. If X, Y are manifolds and X, F = F^^J'^iX, Y), then [-.X-^Y 
is a submersion of C°°-scliemes if and only if / = F^^^^^[f) for / : X — )• F a 
submersion of manifolds. 

Definition 8.9. Let P be a property of morphisms in C°°Sch. We say that 
P is stable under open embedding if whenever f '■ U V is P and i : V ^ W 
is an open embedding, then iof:U^WisP. 

The next proposition is elementary. See Laumon and Bailly §3.10] and 
Noohi [33J Ex. 4.6] for similar lists for the etale and topological sites. 

Proposition 8.10. The following properties of morphisms in C°°Sch are in- 
variant under base change and local in the target in the site (C°°Sch, J^) : open 
embedding, closed embedding, embedding, etale, proper, has finite fibres, sepa- 
rated, universally closed, submersion, locally fair, locally good, locally finitely 
presented. The following properties are also stable under open embedding: open 
embedding, embedding, etale, has finite fibres, separated, submersion, locally 
fair, locally good, locally finitely presented. 

As in N7.41 this implies that these properties are also defined for representable 
morphisms in C°°Sta. In particular, if A" is a C°°-stack then Ax : X ^ X x X 
is representable, and if 11 : — >■ A" is an atlas then 11 is representable, so we can 
require that A;!- or 11 has some of these properties. 

Definition 8.11. Let A" be a C°°-stack. Following [H Def. 7.6], we say that X 
is separated if the diagonal 1-morphism Ax : X ^ X y. X is universally closed. 
li X = X for some C°°-scheme X — {X, Ox) then X is separated if and only if 
Ax : X ^ X X X is closed, that is, if and only if X is Hausdorff. 
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Proposition 8.12. Let W = X x f^z,g y be a fibre product of C° 
X ,y separated. Then W is separated. 



-stacks with 



Proof. We have a 2-comniutative diagram with both squares 2-Cartesian: 




TTl Aw ^^^^^ 



W X W 



Iz 



xxy 



X X X xy xy. 

AxXAy 



(55) 



Let [V =t C/] be a groupoid presentation of Z, and consider the fourth 2- 
Cartesian diagram of (j50|) . with surjective rows. The left hand morphism w x id^; 
has a left inverse nu, and so is automatically universally closed. Hence jz is 
universally closed by Propositions I7.15r c) and I8.10| so tti in (f55|) is universally 
closed by Propositions 17. IST a) and lS.lOl Also A^-, A;^; are universally closed as 
X, y are separated, so Ax x Ay in ([SS]) is universally closed, and tt2 is univer- 
sally closed. Hence Aw = 7r2 o tti is universally closed, and W is separated. □ 



8.3 Open C°°-substacks and open covers 

Definition 8.13. Let A" be a C°°-stack. A C°°-substack y in A" is a substack 
of X, in the sense of Definition 17.41 which is also a C°°-stack. It has a natural 
inclusion 1-morphism iy : y ^ X. We call y an open C°° -substack of X if 
iy is a representable open embedding, a closed C°° -substack of X if iy is a 
representable closed embedding, and a locally closed C°° -substack of X if iy is 
a representable embedding. An open cover {ya : a G A} of A" is a family of 
open C°°-substacks ya in X with U^g^ iy^ ■ UaeA ya ^ X surjective. 

Some properties of A^ji-x^Jx and atlases for X can be tested on the elements 
of an open cover. The proof is elementary. 

Proposition 8.14. Let X be a C°°-stack, and {ya '■ a E A} an open cover 
of X. Suppose P and Q are properties of morphisms in C°°Sch which are 
invariant under base change and local in the target in (C°°Sch, J^), and that P 
is stable under open embedding. Then: 

(a) Let Ha : — > J^a be an atlas for ya for a G A. Set U = Wa^A^a ^"■^ 
H = U^g^ iy^ o Hq : U ^ X . Then H is an atlas for X, and II is P if 
and only if Hq is P for all a Cz A. 

(b) Ax : X ^XxX is P if and only if Ay^ : 3^a 3^a x 3^o is P for all aeA. 

(c) bx '. Ix ^ X is Q if and only if ly^ : ly^ ^ 3^a is Q for all a E A. 

(d) jx ■ X ^ Ix is Q if and only if jy^ : ya — > ly^ is Q for all a E A. 

li X = U for some C°°-scheme U = {U,Ou), then the open C°°-substacks 
of X are {V,Ou\v) for all V C U, that is, they are the images in C°°Sta of 
the open C°°-subschemes of U. We can also describe the open substacks of 
groupoid stacks [Y ^ I/] ■ 
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Proposition 8.15. Let {U,V,s,t,u,i,iTi) be a groupoid in C°°Sch and X = 

\V =i U] the associated C°° -stack, and writeU ~ {U, Ojj), and so on. Then open 
-sub stacks X' of X are naturally in 1-1 correspondence with open subsets 
U' CU with s-^U') = t'\U'), where X' = [V' ^ U'] for U' = {U',Ou\u') 
and V' = (s~^(t7'), Oy // {U,Y, s,t,u,i,rn) is as in ([54|) . so that 

X is a quotient stack [C//G], then open -sub stacks X' of X correspond to 
G-invariant open subsets U' C U . 

Proof. From Theorem I7.20[ as A" = [Y =t L^] we have a natural surjective, 
representable 1-morphism li .U ^ X . If A"' is an open C°°-substack of X then 
U ^n,x,ixi is an open C°°-substack oiU, and so is of the form iU' ,Ou\u') 
for some open U' C U . We have natural 1-isomorphisms 

{s-^{U'),Ov\s-HU')) ^U'x,^,^o,-s^'^X'^x{Ux,^^^^-,V)'^X'x,^^x,.,V 
^X'x;,{U Xid^^p,f 1/) = U' x,_„p,f y = {t-^iU'),Ov\t-Mu')), 

which implies that s-^{U') = t-\U'). Conversely, if s-^{U') = t-^{U') then 
defining U',V' as in the proposition, it is easy to show that we get a groupoid 
stack X' = [V' =t U'] which is naturally an open C°°-substack of X. When 
X = [U/G], we see that 3-^{U') = t-^{U') if and only if U' is G-invariant. □ 

8.4 Deligne— Mumford C°°-stacks 

Deligne-Mumford stacks in algebraic geometry were introduced in [8] to study 
moduli spaces of algebraic curves. As in Th. 6.2], Deligne-Mumford stacks 
are locally modelled (in the etale topology) on quotient stacks [X/G] for X an 
afSne scheme and G a finite group. This motivates: 

Definition 8.16. A Deligne- Mumford -stack is a G°°-stack X which ad- 
mits an open cover {3^a : a € A}, as in Definition I8.13i with each equiva- 
lent to a quotient stack [Ua/Ga] for Ua an affine C°°-scheme and Ga a finite 
group. We call X a locally fair, or locally good, or locally finitely presented, 
Deligne-Mumford C'°°-stack if it admits such an open cover with each Ua 
a fair, or good, or finitely presented, affine C°°-scheme, respectively. Write 
DMC°°Staif,DMC°°Sta's,DMC°°Sta'fp and DMC°°Sta for the fuh 2- 
subcategories of locally fair, locally good, locally finitely presented, and all, 
Deligne-Mumford C°°-stacks in C°°Sta, respectively. 

Proposition 8.17. DMC°°Sta'f , DMC°°Sta's, DMC°°Sta'fP, DMC°°Sta 

are closed under taking open C°° -substacks in C°°Sta. 

Proof. Let X lie in one of these 2-categories, and X' be an open C°°-substack 
of X. Then X admits an open cover {3^a ■ a G A} with ~ [Ua/Ga] with 
Ua affine and Ga finite, and {y'a : a S ^} is an open cover of X' , where y'a = 
ya Xx X' is an open G°°-substack of 3^a- Thus X — [Wa/C^a] by Proposition 
I8.15[ where U'a is a Ga-invariant open G°°-subscheme of Ua- If the Ua are 
fair, good, or finitely presented then the U'a are too by Proposition 14. 181 Thus 
DMC°°Sta'^DMC°°Sta's,DMC°°Sta'fP are closed under open subsets. 
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For DMC°°Sta, as open subsets of affine C°°-schenies need not be afEne, 
the U'^ need not be afBne. We will show that we can cover U'^ by Ga-invariant 
open affine C°°-subschemes U'^^. Write U'^ = {U'^,Ou'J and Ga = [Ga^OcS)- 
Then the finite group Ga acts continuously on U'^- Let u £ U^, and Hu = {76 
Ga '■ ju = u} be the stabilizer of u in Ga- Then the orbit {7U : 7 e G} = 
Ga/Hu of u is a finite set, so as U'a is Hausdorff we can choose affine open 
neighbourhoods of ju for each point in the orbit such that n V^'„ = 
if 7W ^ 7'm. Define = n7eGT~^^«' Then W„ is an 7J„-invariant open 
neighbourhood of u in U^, and if 7 S Gq \ then 7W„ fl Wu ~ 0- 

By Lemma [3201 we can choose an affine open neighbourhood of u in Wu- 
Define = (^-y^H^ an i?M-invariant open neighbourhood of u in Wu- This 
a finite intersection of affine open G°°-subschemes W'u in the affine G°°-scheme 
Vu^ and so is affine, since intersection is a kind of fibre product, and AC°°Sch 
is closed under fibre products by Theorem 14.121 Define C/^^ = lJ7eG„ ^u- 
Then C/^„ is a Ga-invariant open neighbourhood of u in C/^. Since W'u is 7?„- 
invariant and jWuCiWu = if 7 S Ga\Hu, we see that J7^„ is isomorphic to the 
disjoint union of | Gq | / 1 Hu \ copies of Wu - Hence C/^„ = (C/^„ , Ojj'^ \ u'^^ ) is a finite 
disjoint union of affine G°°-schemes, and is an affine G°°-scheme. Therefore we 
may cover U'a by Go-invariant open affine G°°-subschemes U'au- Using these we 
obtain an open cover {y'au : a € A, u G C/q} of A" with y'^^ ~ W'aul^a], so X' 
is Deligne-Mumford. □ 

The proof of Proposition 18 . 1 71 only uses Ua — {Ua,Oif^^) a G°°-scheme and 
Ua Hausdorff, it does not need Ua to be affine. So the same proof yields: 

Proposition 8.18. Any C°° -stack of the form [X/G] with X a separated G°°- 
scheme and G finite is a separated Deligne-Mumford C°° -stack. 

However, if X is not separated then [X/G] need not be Deligne-Mumford: 

Example 8.19. Let X be the nonseparated G°°-scheme (MnR)/ ^, where ~ 
is the equivalence relation which identifies the two copies of M on (0, 00). Let 
G = Z2 act on X by exchanging the two copies of M. Let X be the quotient 
G°°-stack [X/G]. We can think of A" as a like copy of E, where the stabilizer 
group of X e K is {1} if x £ (— oo,0] and Z2 if x € (0,cxi). Using the obvious 
atlas H : R — >• A", the third diagram of ([50)1 yields a 2- Cartesian square 



R n (0,00) ^ Ix 

{ // 1'- 

- n 

1 -^X. 

As the left hand column is not proper, is not proper, so X is not Deligne- 
Mumford by Corollarv 18.231 below. 

Proposition 8.20. Suppose g : [X/F] [Z/H], h : [Y/G] [Z/H] are 1- 
morphisms of quotient G°° -stacks, where X,Y, Z are G"^ -schemes and F,G,H 
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are finite groups. Then we have a 2-Cartesian square 



[W/{F X G)] ^ [Y/G] 

e\ ^ \h (56) 

[X/F]^^[Z/H], 

where Ux ■ $ ^ [^/F],Uy : Y ^ [Y/G],^z ■ 1 ^ [Z/H] are the natural 
atlases and W = X 'Xgonx,lz/H],honYY- V 2£iY;Z are separated, or locally 
fair, or locally good, or locally finitely presented, then W is separated, or locally 
fair, or locally good, or locally finitely presented, respectively. 

Proof Write W = [X/F] x iz/H] [Y/G]. Then from the atlases Hx, %, Example 
[L22] constructs an atlas n_H^ : ^ W for W. Since [X/F] [F x X ^ X] and 
[Y/ G] ~ [G X F =1 Y] it follows from ([53| that W is equivalent to the groupoid 
stack [{F xG)xW ^ W] for a natural action of F x G on W. This proves ((5E)) . 

If XjYiZ are separated then [Z/H] is Deligne-Mumford by Proposition 
18.181 so A^/H] is separated by Corollarv 18.231 below, and thus W is separated 
as X,Fare and W — {X x Y) ^[z/h]x[z/h].Aiz/h] [^/^l]- Form the diagram 




with 2-Cartesian squares, where W' ,X' ,Y are G°°-schemes. Then ivw tT^XtT^y 
are etale and surjective, as liz is. If X^YiZ are locally fair, then X' ,Y are 
locally fair as X,Y are and ttx , t^y are etale, so W' = X' x ^ Y' is locally fair by 
Theorem l4.261 and thus W is locally fair as ttw ■ W — > is etale and surjective. 
The proof for locally good and locally finitely presented is the same. □ 

Using this we prove: 

Theorem 8.21. The 2-subcategones DMC°°Sta,DMC°°Sta'*^, DMC°°Sta's 
and DMC°°Sta'^P are closed under fibre products in C°°Sta. 

Proof. Let W^A'x^J^bea fibre product of Deligne-Mumford G°°-stacks 
X,y,Z. We must show W is Deligne-Mumford. Now Z admits an open cover 
{Zc : c € G} with Zc ~ [Zc/Hc] for Zc an affine G°°-scheme and He finite. 
For c e G define Xc = X Xz Zc and 3^c = y 'Xz Zc, which are open C°°- 
substacks of X, y, and so are Deligne-Mumford by Proposition 18.171 Then 
{A'c x^^ 3^c : c S G} is an open cover of W, so it is enough to prove Xc Xz^ 3^c 
is Deligne-Mumford. That is, we may replace Z by Zc ~ [Zc/Hc]. 

Similarly, by choosing open covers of Xc,yc by substacks equivalent to 
[K/F], [Y/G], we reduce the problem to showing [X/F]x \z/h\ \Y/G] is Deligne- 
Mumford, for X,YtZ affine G°°-schemes and F, G, H finite groups. This follows 
from Propositions 18.181 and [8T201 noting that X,YiZ are separated as they are 
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affine, so W is separated in Proposition 18.201 This shows DMC°°Sta is closed 
under fibre products. For DMC°°Staif , DMC°°Stais, DMC^Sta'^P we use 

the same argument with Zc, Z, X,Y,W locahy fair, and so on. □ 



8.5 Characterizing Deligne— Mumford C°°-stacks 

We now explore ways to characterize when a C°°-stack X is Deligne-Mumford. 

Proposition 8.22. Let X be a quotient C°° -stack [U/G] for U affine and 
G finite. Then the natural 1-morphism H : U X is an Stale atlas, and 
Ax : X ^ X y. X , lx '■ Ix ^ X are universally closed, proper, and separated, 
with finite fibres, and jx ■ X Ix is an open and closed embedding. 

Proof. As in ([50]) we have 2-Cartesian diagrams with surjective rows: 

GxU z >-U GxU — >-X 

U i^A", UxU ^XxX, 

{GxU)xg^gU ^^Ix U ^X 

f^rl t (lxid[/)xid[/ j f _ JA-j 

~U ^^A- (GxU)x^^uU ^^Ix. 

The left column tt^ in the first diagram is etale. The left columns in the second 
and third diagrams are both universally closed, proper, and separated, with 
finite fibres, since G is finite with the discrete topology, and U is Hausdorff as U 
is affine. This left column in the fourth is an open and closed embedding. The 
result now follows from Propositions IT.lSf c) and 18.101 □ 

Propositions [8?T0l [8lH and |8^ now imply: 

Corollary 8.23. Let X be a Deligne-Mumford G°° -stack. Then X has an etale 
atlas n : J7— ^A", the diagonal Ax ■ X^XxX is separated with finite fibres, and 
the inertia morphism ix '. Ix ^ X is universally closed, proper, and separated, 
with finite fibres, and jx ■ X ^ Ix is an open and closed embedding. If X is 
separated then Ax is also universally closed and proper. 

The last part holds as then A;^ is universally closed with finite fibres, which 
implies Ax is proper. Note that for X not separated we cannot conclude from 
Proposition 18. 221 that A;^ is universally closed or proper, since these properties 
are not stable under open embedding. Some of the conclusions of Corollarv l8.23l 
are sufficient for X to be separated and Deligne-Mumford. 

Theorem 8.24. Let X be a G°° -stack, and suppose X has an etale atlas 11 : 
U X, and the diagonal Ax : X ^ X x X is universally closed and separated. 
Then X is a separated Deligne-Mumford C°° -stack. 
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Proof. Let {U,V,s,t,u,i,ni) be the groupoid in C°°Sch constructed from 11 : 
U ^ X as in ^7.51 so that ~ [Y =^ C^]- Then ([50]) gives 2-Cartesian diagrams 
with surjective rows. From the first and Propositions ly-lSf a) and 18.101 we see 
that s,t are etale, since 11 is. From the second sxt: V^UxU is universahy 
closed and separated, as Ax is. Let p G U. Define 

H={qeV: siq) - ^ p} C s-\{p}). 

It has the discrete topology, as are etale. 

Suppose for a contradiction that H is infinite. Define a C°°-ring 

£ = {c : H YL {oo} — > M : c{q) = c(oo) for all but finitely many q E H^, 

with C°° operations defined pointwise in _ff If {oo}. Then Spec£ has underly- 
ing topological space the one point compactification H If {oo} of the discrete 
topological space H. Define g : Spec U x U to project Spec € to the point 
{p,p). Then the morphism 

^Tspocc : Y 'Xsxt,uxu,g Spec £ — > SpecC (57) 

is the projection H x {H If {oo}) — >■ iJ If {oo}. The diagonal in H is closed in 
H X (i?n{oo}), but its image is H, which is not closed in HiI{oo}. Hence (|57p 
is not a closed morphism, contradicting s x t universally closed. So H is finite. 

A-S (U,V, s,t,u,i,rn) is a groupoid, iJ is a finite group, with identity u(j)), 
inverse map i\H, and multiplication mn — rn\HxH- Since s,t are etale, we 
can choose small open neighbourhoods Zq of q in for all q G H such that 
§\zg,t\zg are isomorphisms with open subsets of U. As s x t is separated, 
{{v,v) : V e V} is closed in {{v,v') e V x V : s{v) = s{v'), t{v) = t{v')} , 
which has the subspace topology from V x V. li q ^ q' ^ H then (g, q') lies in 
{{v,v') € VxV : s{v) = s(u'), t{v) = t{v')} but not in {(v, u) : v G V}, so iq,q') 
has an open neighbourhood in x which does not intersect {{v,v) : v G V}. 
Making Zq, Zqi smaller if necessary, we can take this open neighbourhood to be 
Zq X Zqi, and then ZqCiZqi — 0. Thus, we can choose these open neighbourhoods 
Zq for g S to be disjoint. 

Define Y — Hqeff ^i^q) Y= {Y,Ou\y). Then F is a small open neigh- 
bourhood of p in U. Making Y smaller if necessary we can suppose it is contained 
in an affine open neighbourhood of p in U, and so is Hausdorff. Replace Zq by 
Zq n s^^{Y) for all q G H. Then s\z^ : {Zq,Ov\z,) 1" is an isomorphism 
for q H. Set Z = U^e// ^q^ noting the union is disjoint, and Z = {Z, Ov\z)- 
Then we have an isomorphism cj) = {(p, cf)^) : H x Y ^ Z , such that s o (f) = idy 
and x Y) = Zq for q <E H. 

Now Z is open in V, so Z Xs^u.t Z is open in V Xs^u,t Y, and wc can restrict 
the morphism m : V Xs^u.t V ^ V to rn\zxuZ ■ Z Xs,u,t Z ^ V. But 

Z Xs,u4 Z = {HxY) Xi^o2T^,u,t Z 

X {Znt-\Y),Ov\znt-HY)) ^HxZ^HxHxY, 
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using (j) an isomorphism and s o = idy . Write Z x s.u^t Z ^ H x H xYior 
the induced open embedding. Define a second morphism m' : Z Xs^u^t Z ^ V 
hy m' — (po {rriH x idy) o where rriH : H x H ^ H is the group multiphcation 
iriH : H X H ^ H, regarded as a morphism of C°°-schemes. 

Following the definitions we find that s o {rn\zxuz) = S o to' : Z Xs^u,t Z — ^ 
YcU. Also H C Z, and the definition of niH from to implies that m|zxc/^ ^'^'i 
to' coincide on the finite set H Xjj H in Z Xjj Z. Since s is etale, this implies 
that rn\zxuZ and to' must coincide near the finite set H Xjj H in Z Xjj Z. 
Therefore by making the open neighbourhood Y of p in U smaller, and hence 
making Wq, W, Z smaller too, we can assume that rn\zxuZ = E^'- 

Let us summarize what we have done so far. We have constructed a finite 
group H, a Hausdorff open neighbourhood y of p in U, an open and closed 
subset Z of s~^{Y) in Z which contains s~^{p) nt~^{p), and an isomorphism (j) : 
H xY ^ Z with socj) = TTy which identifies the groupoid multiplication rn\zxuZ 
with the restriction to Z Xfj Z oi the morphism rriff x idy : H x H xY ^ Y 
from multiplication in the finite group H . 

Consider the morphism toip: HxY—>-U D Y. Roughly speaking, t o (j) 
is an 77-action on Y. More accurately, there should an 7?-action on some open 
subset of U containing Y, but Y may not be ff-invariant, so that tocj) need not 
map H X Y to Y. Replace Y hy Y' = f]^^jjt{Zq), which is an open subset of 
Y since when q is the identity u(j)) in H we have tlZ^^p^) = s(Z„(p')) = Y, and 
p€Y' asp^ t{q) G t{Zq) for q€ H. Replace Z^ by Z'^ ^ Z^n s-'^{Y) and Z by 
Z' — Ugeff ^'q- Then using rn\zxuZ — m' we can show that s{Z'g) = t{Zg) = Y' 
for all q G H, so Y' is an iJ-invariant open set, and tocf) maps H x Y ^ Y . 
Restricting the groupoid axioms shows that t o cf) gives an action of onY. 

Now consider the morphism 

s X tU-iiY')nt-HY') ■■ {s-'iY') n t-\Y'), Ov\s-HY')nt-HY')) ^ ^ x 1^. 

This is closed, as s x i is universally closed. Since Z' is open and closed in 
s~^{Y') n t~^{Y'), its complement is closed, so its image {{s{v),t{v)) e F' x 
Y' : V £ V \ Z'^ is closed in Y'. But {p,p) does not lie in this image, since 
s~^{p)r)t~^{p) C Z'. Thus, by making the i7-invariant open neighbourhood Y' 
of p in U smaller if necessary, we can suppose that s^^(F') n t^^{Y') ~ Z'. 

The quotient C°°-stack [Y/H] is Deligne-Mumford by Proposition I8.18( 
since Y' is Hausdorff. Thus there exists an open embedding iVp ^ [Y / H] with 
yp ~ [Up/Gp] for Up affine and Gp finite, which includes p in its image. The 
inclusion morphisms Y ^ U, Z' ^ V induce a 1-morphism [Z' ^ Y] ^ 
[V =t U], which is an open embedding as Y is open in U, Z' is open in V 
and s~^Iy') r\t~^{Y') = Z' in V. Let iy^ : J^p ^ A" be the composition 
yp [T/H] ~ [Z' ^Y]^ [V ^U]c^ X. Then iy^ is an open embedding, 
as it is a composition of open embeddings and equivalences. This works for all 
p £ U, and {yp : p £ C/} is an open cover of X with yp ~ [Up/Gp] for Up 
affine and Gp finite. Hence X is Deligne-Mumford. It is separated as A;^ is 
universally closed, by assumption. □ 

Suppose / : ^ — > }f is a separated morphism of C°°-schemes with finite 
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fibres. Then / universally closed implies / proper. Conversely, if X,Y are com- 
pactly generated topological spaces then / proper implies / universally closed. 
If 2[,Y are locally fair then X, Y are compactly generated, as they are locally 
homeomorphic to closed subsets of M". Thus, in Theorem 18.241 if U,V are 
locally fair then we can replace Ax universally closed by A;f proper, yielding: 

Theorem 8.25. Let X be a C'°° -stack, and suppose X has an Stale atlas H : 
U ^ X with U locally fair, and the diagonal Ax : X X x X is proper and 
separated. Then X is a separated, locally fair Deligne-Mumford C°° -stack. 

The same holds with locally good or locally finitely presented in place of 
locally fair. If A" ~ [Y ^ iZ] with U a separated C°°-scheme then V is separated 
if and only if Ax is separated. We can always choose U separated, by replacing 
U by the disjoint union of an open cover of U by affine open subsets. Thus we 
can replace the condition that Ax is separated by U, V separated. Combining 
this and the results above proves: 

Theorem 8.26. (a) A C°° -stack X is separated and Deligne-Mumford if and 
only if it is equivalent to a groupoid stack \V ^ U] where U,V are separated 
C°° -schemes, s : V U is etale, and sxt:V^UxUis universally closed. 

(b) A C°° -stack X is separated, Deligne-Mumford and locally fair (or locally 
good, or locally finitely presented) if and only if it is equivalent to some \V =| U] 
with U,V separated, locally fair (or locally good, or locally finitely presented) 
C°° -schemes, s : V U etale, and s x t : V ^ U x U proper. 

8.6 The underlying topological space of a C°°-stack 

Following Noohi [Ml §4.3, §11] in the case of topological stacks, we associate a 
topological space Xtop to a C°°-stack X. In if X is Deligne-Mumford, we 
will also give Xtop the structure of a C°°-scheme. 

Definition 8.27. Let X he a C°°-stack. Write * for the point SpecM in 
C°°Sch, and * for the associated point in C°°Sta. Define Xtop to be the 
set of 2-isomorphism classes [x] of 1-morphisms a; : * — > A". When iu '-U ^ X 
is an open C°°-substack in X , write 

l^x,top = {[u ° «w] G ^top : u : ±^ U is a 1-morphism} C Xtop- 

Define Txtap — {^x,top : iu :U ^ X is a.n open C°°-substack in A"}. 

We claim that Txtap is a topology on Xtop. To see this, note that taking 
U to he X or the empty C°°-substack gives Xtop, 9 G Titop- If *w : U ^ X, 
iy : V ^ X are open C°°-substacks of X then W = W x^^^ x.iv ^ '^^ an open 
C°°-substack of X with >VA:'^top = ^A-.topH V^-.topj so Txtap is closed under finite 
intersections. If {Ua : a S ^} is a family of open C°°-substacks in X then each 
Ua is a subcategory of A", so V = UasA^i is a subcategory of X. It turns out 
that V is a prestack, and the associated stack V is an open C°°-substack of X 
with V^^^top = [jaeA^aX. top- So T^-top is closed under arbitrary unions. 
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Thus (A'top, 7A:'top) is a topological space, which we call the underlying topo- 
logical space of X, and usually write as Xtop- It has the following properties. 
If / : A" — > 3^ is a 1-morphism of C°°-stacks then there is a natural continu- 
ous map /top : Xtop J^top defined by ftopiM) = [f o x]. U f,g : X y 
are 1-morphisms and 77 : / =4> (7 is a 2-isomorphism then /top = 5top- Map- 
ping X I-)- A'top, / /top and 2-niorphisnis to identities defines a 2-functor 
-^c=°sta ■ C°°Sta Top, where the category of topological spaces Top is 
regarded as a 2-category with only identity 2-morphisms. 

If X = {X,Ox) is a C°°-scheme, so that X is a C°°-stack, then X^^p is 
naturally honiconiorphic to X, and we will identify ^^^p with X . If / = (/,/") : 
X = {X,Ox) -^Y^ {Y, Oy) is a morphism of C°°-schemes, so that J : X Y 
is a l-morphism of C°°-stacks, then /^^^ : X^^^ — >• Y^^p is f : X ^ Y. 

For a C°°-stack X, we can characterize A'top by the following universal prop- 
erty. We are given a topological space A'top and for every 1-morphism f U ^ X 
for a C°°-scheme U = {U, Ou) we are given a continuous map /top : U — ?► A'top, 
such that if / is 2-isomorphic to ho g for some morphism g = {gyg"^) : U — )• V" 
and 1-morphism h : V ^ X then /top = /itop ° g- If --ftop; /top are alternative 
choices of data with these properties then there is a unique continuous map 
j : -^top X^^p with /;„p =jo /top for aU /. 

We can think of a C°°-stack X as being a topological space A'top equipped 
with some complicated extra geometrical structure, just as manifolds and orb- 
ifolds are usually thought of as topological spaces equipped with extra structure 
coming from an atlas of charts. As in Noohi [34, Ex. 4.13], it is easy to describe 
■^top using a groupoid presentation [V =t U] of X: 

Proposition 8.28. Let X be equivalent to a groupoid stack [V ^ U] from a 
groupoid {U,V,s,t,u,i,m,) in C°°Sch, where U = {U,Ou),s — (5,5"), and so 
on. Define ^ on U by p ^ p' if there exists q d V with s{q) — p and t{q) = p' . 
Then ^ is an equivalence relation on U, so we can form the quotient U/^, with 
the quotient topology. There is a natural homeomorphism Xtop — ?7/~. 
For a quotient stack X ~ [U/G] we have Xtop — U/G. 

Using this we can deduce properties of A'top from properties of X expressed 
in terms of F =t f/- For instance, if X is separated then sxt : V ^ UxU is (uni- 
versally) closed, and we can take U Hausdorff. But the quotient of a Hausdorff 
topological space by a closed equivalence relation is Hausdorff, yielding: 

Lemma 8.29. Let X be a separated C°° -stack. Then the underlying topological 
space Xtop is Hausdorff. 

Next we discuss stabilizer groups of C°°-stacks. 

Definition 8.30. Let X he a, C°°-stack, and [x] G A'top- Pick a representative 
X for [x], so that x : ± X is a 1-morphism. Then there exists a C°°-scheme 
G = (G,Og), unique up to isomorphism, with G — ± Xx^x.x*.- Applying the 
construction of the groupoid in Definition 17.181 with li : U X replaced by 
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x : * — > A", we give G the structure of a C°°-group. The underlying group G 
has a simple interpretation as the group of 2-niorphisnis rj : x ^ x. 

With [x] fixed, this C°°-group G is independent of choices up to noncanonical 
isomorphism; roughly, G is canonical up to conjugation in G. We define the 
stabilizer group (or isotropy group, or orbifold group) Iso([a;]) of [x] to be this 
C°°-group G, regarded as a C°°-group up to noncanonical isomorphism. 

If / : A" ^ 3^ is a 1-morphism of C°°-stacks and [x] € Xtop with /top ([a;]) = 
[y] e J^top, for y = /ox, then we define /* : Iso([a;]) -)• Iso([2/]) by f*{r]) = id/ 
One can show that /, is a group morphism, and extends naturally to a morphism 
of C°°-groups, and that /* is independent of choices of x € [x] and y £ [y] up 
to conjugation in Iso([x]), Iso([y]). 

If A" is a Deligne-Mumford C°° -stack then Iso([x]) is a finite group for all 
[x] in A'top, which is discrete as a C°°-group. We show that X is modelled near 
[x] on a quotient [C//Iso([a;])], for U an affine C°°-scheme. 

Proposition 8.31. Let X be a Deligne-Mumford G°°-stack and [x] € A'top, 
so that Iso([a;]) = H for some finite group H. Then there exists an open C°°- 
substack U in X with [x] G Ux,top C Xtop and an equivalence U ~ [Z/^^], where 
Y= {Y,Oy) is an affine C°° -scheme with an action of H, and [x] € UxAop — 
Y/H corresponds to a fixed point of H in Y . 

Proof. As X is Deligne-Mumford it is covered by open C°°-substacks V equiva- 
lent to [V/ G] for V affine and G finite, so we can choose such V with [x] S V^-, top- 
Then V has an etale atlas 11 : V' — V and Ay is universally closed and sepa- 
rated by Proposition 18.221 so we can apply the proof of Theorem 18.241 to V for 
a point p G V with 11, (p) — [x] . This constructs an open C°°-substack U in V 
equivalent to [17 -ff], where y is affine and H = Iso([a;]), as we want. □ 

li X — X for some C°°-scheme X then Iso([x]) = {1} for all [x] e A'top. 
Conversely, a Deligne-Mumford C°°-stack with trivial stabilizer groups is a 
C°°-scheme. In conventional algebraic geometry, a Deligne-Mumford stack with 
trivial stabilizers is an algebraic space, but need not be a scheme. 

Theorem 8.32. Suppose X is a Deligne-Mumford G°°-stack with Iso([a;]) = 
{1} for all [x\ € Xtop. Then X is equivalent to X for some G°° -scheme X. 

Proof. As Iso([a;]) = {1} for all [x] G A'top, by Proposition 18.311 there is an open 
cover {Xa : a € A} oi X with Xa — [Xa/{^}] — for affine C°°-schemes Xa, 
a £ A. Write ia '■ X^ — > X for the corresponding open embedding. As Ax is 
representable, for a,b G A the fibre product X^ 'Xia,x.ib Xi, is represented by a 
C°°-scheme Xab = Xba with open embeddings iab ■ Xab -> Xa, iba ■ Xba -> Xb 
identifying Xab with open C°°-subschemes of Xa,Xb- 

The idea now is that the C°°-stack X is made by gluing the C°°-schemes Xa 
for a G A together on the overlaps Xab, that is, we identify Xa ^ iabiXab) — 
Xab = Xba = iabiXba) C Xb- This is similar to the notion of descent for objects 
in ^ 37. 31 and it is easy to check that the natural 1-isomorphisms 

Xab X^ = X^^ X^ = X^^ y-x Xi, = X^xx X,^xx X^ 
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imply the obvious compatibility conditions of the gluing morphisms jab on triple 
overlaps, and that Xaa — Xa- So by a minor modification of the proof in 
Proposition 18.21 that (C°°Sch, has descent for objects, we construct a C°°- 
scheme X with open embeddings ja ■ Xa ^ X such that {Xa : a e ^} is an 
open cover of X, and Xa '^ja.x.jh 2£b is identified with Xab for a,b £ A. Then 
by descent for morphisms in (C°°Sch, J'), there exists a 1-morphism i : X ^ X 
with ia 2-isomorphic to io j for all a Cz A. This i is an equivalence, so A" ~ X, 
as we have to prove. □ 

We show that X being Deligne-Mumford is essential in Theorem l8.32l 

Example 8.33. Let the group 7? act on K by (a, 6) : x i-^ x + a + bV2 for 
a, 6 e Z and a; G K. As V2 is irrational, this is a free action. It defines 
a groupoid x R =t R in Man which is etale, but not proper. Applying 
^iSrif gives a groupoid x R ^ R in C°°Sch, and an associated C°°-stack 
X = [R/Z^] = [Z^ X 1 =t R]. The underlying topological space Xtop is R/Z^. 

Since each orbit of Z^ in R is dense in R, Xtop has the indiscrete topology, 
that is, the only open sets are and Xtop- Thus Xtop is not homeomorphic 
to X for any C°°-scheme X = (X, Ox), as each point of X has an affine and 
hence Hausdorff open neighbourhood. Therefore X is not equivalent to X for 
any C°°-scheme X- So A" is not Deligne-Mumford by Theorem 18.321 Hence, 
C°°-stacks with finite stabilizer groups need not be Deligne-Mumford. 

8.7 Coarse moduli C°°-schemes of C°°-stacks 

Let A" be a C°°-stack. Then we can give the underlying topological space Xtop 
of 58]6]the structure of a C°°-ringed space. 

Definition 8.34. Let A" be a C°°-stack, and write X for the underlying topo- 
logical space A'top. Define a presheaf of C°° -rings O'x on X as follows: iiU C X 
is open then U = Ux,top for some unique C°°-substack U in X. (Since our def- 
inition of C°°-substack makes U a strictly full subcategory of A", U really is 
unique, not just unique up to equivalence.) Define O'^iU) to be the set of 2- 
isomorphism classes [c] of 1-morphisms c :U R. If / : R" ^ R is smooth and 
[ci], . . . , [c„] e O'xiU), define $/([ci]^. . . , [c„]) = [/o (ci x • • • x c„)], using the 

composition Z^'^''^ ''"I X • • • x R^R. Then O'xiU) is a C°°-ring. 

It V C U C X are open then U, V correspond to unique open C°°-substacks 
U,V in X such that V is also a C°°-substack of U, with inclusion iyw '-V ^ U. 
Define puv ■ 0'x{U) 0'x{V) by puv ■ [c] [c o iyw]- Then puv is a 
morphism of C°°-rings. It is now easy to check that O'x is a presheaf of Cu- 
rings on X. Let Ox be the associated sheaf of C°°-rings. Then X — {X,Ox) 
is a C°°-ringed space, which we call the underlying C°° -ringed space of X. 

For general X this X need not be a C°°-scheme, or even a local C°°-ringed 
space. If X is a C°°-scheme, we call X the coarse moduli C°° -scheme of X. 
Coarse moduli C°°-schemes have the following universal property: there is a 1- 
morphism tt : A" — )■ X called the structural morphism, such that TTtop : Xtop — ^ X 



74 



is a homeomorphism, and if F is a 1-morphism for any C°°-schenie Y 

then / is 2-isomorphic to 5 o tt for some unique morphism g '■ X ^ Y. 

Proposition 8.35. Let £ he a fair, or good, or finitely presented C°^-ring, and 
G a finite group acting on € by automorphisms. Then C*^ is a fair, or good, or 
finitely presented C°°-ring. 

Proof. Choose a finite set of generators for £, and by adding the images of 
these generators under G, extend to a set of (not necessarily distinct) generators 
Xi,. . . ,Xn for £, on which G acts freely by permutation. This gives an exact 
sequence / ^ C°°(M") ^ £ ^ 0, where C°°(R") is freely generated 
by xi , . . . , a;„ . Here R" is a direct sum of copies of the regular representation 
of G, and C°°(IR") — > £ is G-equivariant. Hence / is a G-invariant ideal in 
G°°(R"), which is fair, or good, or finitely generated, respectively. Taking G- 
invariant parts gives an exact sequence '-s- /'-^ — !• G°°(R")'^ C*^ 0, 
where G°°(R")'^, C*^ are clearly G°°-rings. 

As G acts linearly on R" it acts by automorphisms on the polynomial ring 
R[a;i, . . . , Xn\. By results from algebraic geometry, R[xi, . . . , is a finitely 
presented R-algebra, so we can choose generators pi, . . . ,pi for R[a;i, . . . , Xn]^, 
which induce a surjective R-algebra morphism R[pi, . . . ,pi] — > R[xi, . . . 
with finitely generated kernel generated by gi, . . . , g„i G R[pi, ■ ■ ■ ,Pi]- 

One can show that any G-invariant smooth function on R" may be written 
as a smooth function of finitely many G-invariant polynomials on R", and so 
as a smooth function of the generators pi,...,pi for R[a;i, . . . , x„]*^. Hence 
G°°(R")'^ is generated by pi, . . . ,pi, giving a surjective morphism G°°(JSJ') — )• 
G°°(R")'^. One can also show the kernel of this morphism is the ideal generated 
by qi, . . . , Thus G°°(R")'^ is finitely presented. 

Also is generated by 7r(pi), . . . , 7r(p(), so C*^ is finitely generated, and we 
have an exact sequence ^ J — > G°°(R') C*^ — > 0, where J is the ideal in 
G°°(R') generated hy qi, ... ,qm and the lifts to G°°(R') of a generating set for 

the ideal /° in G°°(R")'^ ^ G°°(R')/(9i, • • ■ , 9™)- 

Suppose now that / is fair. Then for / e G°°(R")'^, / lies in I'^ if and only 
if TTpif) € TTpil) C G;f (R") for all p e R". If H is the subgroup of G fixing 
p then H acts on G^(R"), and T^p{f) is 7?-invariant as / is G-invariant, and 
np{I)^ — TTp{l'^). Thus we may rewrite the condition as / lies in l'^ if and only 
if TTpif) G M^^) C G;f (R") for aU p € R". Projecting from M" to R"/G, this 
says that / lies in if and only if 7rp(/) lies in 7rp(/^) C (G°°(R")'^)p for all 
p e Spec(G°°(R")'=) ^ R"/G. Since G°°(R")^ is finitely presented, it follows 
as in [33l Cor. 1.4.9] that J is fair, so C*^ is fair. 

Suppose / is finitely generated in G°°(R"), with generators fi, . . . , fk. As 
R" is a sum of copies of the regular representation of G, so that every irre- 
ducible representation of G occurs as a summand of R" , one can show that 
is generated as an ideal in G°°(R"/G) by the n{k + 1) elements f^ and [fiXj)'^ 
for i = 1, . . . , fc and j = 1, . . . ,n, where = S7eG / ° 7 the G-invariant 
part of / e G°^(R"). Therefore J is finitely generated by gi, . . . , and lifts of 
f? 1 ifi^j)^ ■ Hence if £ is finitely presented then C*^ is finitely presented. 
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Finally suppose / is good, so / = (/i, . . . , /fc, tn^) for some closed X C R". 
Then as for I finitely generated we find that J is generated by qi, . . . ,qm, lifts 
of ff, ifiXj)^ ioT i — I, . . . ,k and j = 1, . . . ,n, and my , where F C is the 
image of the closed set X C M" under the closed map R" -» R"/G ^ K', so 
that Y is closed. Thus J is good. □ 

Theorem 8.36. Let X be a locally fair, locally good, or locally finitely presented 
Deligne-Mumford C°° -stack. Then X has a locally fair, locally good, or locally 
finitely presented coarse moduli C°° -scheme, respectively. 

Proof. By definition X can be covered by open C°°-substacks U equivalent to 
[17 G] for Y— SpecC with £ a fair, or good, or finitely presented C°°-ring and 
G a finite group acting on Spec£. Since Spec is fully faithful on fair C°°-rings 
by Theorem l4.9l we have Auty= Aut(£), and the action of G on Fcomes from 
one on £. So €° is fair, or good, or finitely presented, by Proposition 18. 35] 

Use the notation of Definition l8.341 and let U be the open subset oiX — Xtop 
corresponding to U. Then U = Y/G by Proposition WM But SpecC'^ = 
{Y/G,Oy/g), so SpecC'^ and U have the same underlying topological space. 
Open sets in Y/G are of the form Z/G for Z QY open and G-invariant. From 
Proposition l4.21l for G-invariant open sets Z in Y , using G-invariant characteris- 
tic functions, one can show that [U, 0'-^^\u) is canonically isomorphic to Spec C'^. 
Thus 0'x\u is a sheaf, not just a presheaf, so Ox\u — 0'x\u- Therefore X can 
be covered by open subsets U with {U,Ox\u) isomorphic to SpecC*^ for C*^ a 
fair, or good, or finitely presented G°°-ring, so X — {X, Ox) is a locally fair, or 
locally good, or locally finitely presented G°°-scheme, respectively. □ 

8.8 Orbifolds as Deligne-Mumford C°°-stacks 

Orbifolds (without boundary) are geometric spaces locally modelled on R"/G 
for G a finite group acting linearly on R", just as manifolds without boundary 
are geometric spaces locally modelled on R". Much has been written about 
orbifolds, and there are several competing, nonequivalent definitions. We are 
particularly interested in the question of whether one regards orbifolds as form- 
ing a 1-category, or as a 2-category. See Lerman [25j for a discussion of this. 

Orbifolds were introduced by Satake [S^, who called them V-manifolds. 
Satake requires G to act effectively on R" in the local models R"/G, a condition 
which we omit. Satake intended orbifolds to be a 1-category, but there were 
problems with his definition(s) of smooth map of orbifolds; it was not clear 
that smooth maps could be composed, nor whether one could pull back orbifold 
vector bundles by smooth maps. For attempts at fixing the definition, see 
Chen and Ruan [7], Moerdijk [52] and Moerdijk and Pronk [SD]- Adem, Leida 
and Ruan ^] is a book on orbifolds, which follows the groupoid point of view of 
|29l30j . All these authors regard orbifolds as a 1-category (an ordinary category). 

On the other hand, it has been clear for decades that orbifolds are the ana- 
logue in differential geometry of Deligne-Mumford stacks in algebraic geometry, 
but Deligne-Mumford stacks are known to form a 2-category. There are two 
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main routes in the literature to defining a 2-category of orbifolds Orb. The first, 
as in Pronk [35] and Lerman |25[ §3.3], is to define orbifolds to be groupoids 
{U,V, s,t,u,i,m) in the category Man such that s,t : V ^ U are etale and 
sxt: V^UxU is proper. That is, orbifolds are considered to be proper Stale 
Lie groupoids, as in Moerdijk and Pronk [^nilSni- But to define 1-morphisms 
and 2-niorphisms in Orb one must do more work: one makes proper etale Lie 
groupoids into a 2-category Gpoid, and then Orb is defined as a (weak) 2- 
category localization of Gpoid at a suitable class of 1-morphisms. 

The second route, as in Behrend and Xu (H §2], Lerman [351 §4] and Metzler 
[2H1 §3.5], is to define orbifolds as a class of Deligne-Mumford stacks on the site 
(Man, jTMan) of manifolds discussed in Remark The relationship between 
the two routes is discussed by Behrend and Xu [4, §2.6], Lerman [25], and Pronk 
[35] . who proves the two approaches give equivalent weak 2-categories. We take 
a similar approach to the second route, but defining orbifolds as a class of C°°- 
stacks, that is, as stacks on the site (C°°Sch, J") rather than on (Man, jTivian)- 

Definition 8.37. A C°°-stack X is called an orbifold without boundary, or with 
boundary, or with corners, if it is equivalent to a groupoid stack [V =^ U] for 
some groupoid {U,V, s,t,u,i,m) in C°°Sch which is the image under ^Man^'^'^ 
of a groupoid {U, V, s, t, u, i, m) in Man or Man*' or Man'^ respectively, where 
s : y — [/ is an etale smooth map, and s x t : V ^ U x U is & proper smooth 
map. That is, X is the C°°-stack associated to a proper etale Lie groupoid in 
Man, Man'' or Man*^. An orbifold will usually mean an orbifold with corners. 
Write Orb, Orb** and Orb*^ for the full 2-subcategories of orbifolds without 
boundary, and with boundary, and with corners, in C°°Sta respectively; though 
see Remark 18.381 below on whether Orb'', Orb"^ should be really be full. 

If X is an orbifold without boundary then U, V are manifolds without bound- 
ary, so U,V above are finitely presented affine C°°-schemes as in §4.2) and thus 
A" is a separated, locally finitely presented Deligne-Mumford C°°-stack by The- 
orem (H^U^b). If X is an orbifold with boundary, or with corners, then U,V are 
good affine C°°-schemes and X is a separated, locally good Deligne-Mumford 
C°°-stack. Thus all these 2-categories satisfy: 



Man 




DMC°°Sta'fp ^ DMC°°Sta's ^ DMC°°Sta'f ^ DMC°°Sta ^ C°°Sta 



Orb'^ 




Remark 8.38. If we define Orb'^,Orb'^ as full 2-subcategories of C°°Sta 
then 1-morphisms in Orb"^, Orb° correspond not to smooth maps but to weakly 
smooth maps of manifolds with boundary or corners, as in Proposition [33] and 
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Corollary 14.141 So following the philosophy of [2D] , arguably one should take 

1- morphisms in Orb*' , Orb*^ to be the proper subset of smooth l-morphisms 
between orbifolds in C°°Sta, that is, those 1-morphisms which are locally mod- 
elled on smooth maps of manifolds, rather than weakly smooth maps. Then 
Orb'^,Orb'^ would not be full 2-subcategories. 

Our next theorem compares our definition of orbifold with those in the 
literature. To prove it, we show that the truncation 2-functor -Fc=°sta'* of 
Remark 18.41 maps our 2-subcategory Orb in C°°Sta to the 2-subcategory of 
orbifolds as stacks on (Man, »7Man) in [HI §3.4] or ^SJ §4] (this is obvious, 
as both 2-subcategories are defined as objects presented by proper etale Lie 
groupoids), and that -Fc~sta'*lorb is an equivalence of 2-categories (this fol- 
lows from -pMarP'^'^ being full and faithful, and orbifolds being locally mod- 
elled on manifolds). Thus our 2-category of orbifolds is equivalent to those 
in [28l §3.4], [25l §4], and the rest of the theorem follows from the references. 

Theorem 8.39. The 2-category Orb of orbifolds without boundary defined 
above is equivalent to the 2-categories of orbifolds considered as stacks on Man 
defined in Metzler 28, §3.4] and Lerman ]25, §4], and also equivalent as a weak 

2- category to the weak 2-categories of orbifolds regarded as proper etale Lie 
groupoids defined in Pronk ,35J and Lerman [251 §3.3]. 

Furthermore, the homotopy 1- category Orb*^" of Orb (that is, the category 
whose objects are objects in Orb, and whose morphisms are 2-isomorphism 
classes of l-morphisms in Orh) is equivalent to the 1-category of orbifolds 
regarded as proper etale Lie groupoids defined in Moerdijk [29] . 

Since equivalent (2-)categories are considered to be 'the same', the basic 
moral of Theorem 18.391 is that our notion of orbifold gives essentially the same 
geometric objects as those considered by other recent authors. 

We could have taken a different approach: we could instead have defined a 2- 
category of orbifolds Orb following one of the routes in [^[^155] or elsewhere, 
and then defined an embedding 2-functor -Forb^*"* ■ Orb C°°Sta and shown 
it was fully faithful, as we did for F;;Srif'''' ■ Man C°°Sch. Wc chose not to 
do this because as above there are several competing ways to construct Orb as 
a 2-category, and all are rather complicated, so having already set up a theory 
of C°°-stacks, this was the fastest way to our goal. 

From §8.61 an orbifold X has an underlying topological space Xtop , which is 
Hausdorff by Lemma [8.29) and each [x] £ Xtop has an orbifold group Iso([a;]), 
which is a finite group. Also by Theorem l8.36I A' has a coarse moduli -scheme 
X, with underlying topological space Xtop, and X is locally finitely presented 
if X is without boundary, and locally good if X has boundary or corners. 

By Corollarv l4.14I Fj^^^^°^ takes transverse fibre products in Man, Man'^ to 
fibre products in C°°Sch. As fibre products of orbifolds are locally modelled on 
fibre products of manifolds, and fibre products of Deligne-Mumford C°°-stacks 
are locally modelled on fibre products of C°°-schemes, we deduce: 

Corollary 8.40. Transverse fibre products in Orb, Orb*^ involving smooth 
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rather than weakly smooth 1-morphisms agree with the corresponding fibre prod- 
ucts in C°°Sta. 

The next example illustrates the 2-categorical nature of orbifolds. 

Example 8.41. Write * = SpecM for the point in C°°Sch, and £ for its image 
in C°°Sta. Let H he a, nontrivial finite group. Then H acts trivially on so we 
can form the quotient C°°-stack [*/H]. Both * and [*/H] are orbifolds, points 
with stabilizer groups {1} and H. There is a unique 1-morphism i : 5 — > [*/ H] 
corresponding to the group morphism {1} — > H. For any C°°-stack X there is 
a unique 1-morphism tt ; A" — >■ as * is a terminal object in C°°Sta. 

Consider the fibre product * 'Xi,i*/H],i 1- In Proposition 18.201 we have X = 
Y= Z = *, F = G = {1}, and W — H. Thus we have a 2-Cartesian diagram: 

H — 

" ti (58) 

i '-^k/H]. 

That is, * X j [^/^] j * is the disjoint union of \H\ copies of the point *. 

Observe that (f58| only makes sense if orbifolds are a 2-category, not a 1- 
category. If we regard orbifolds as a 1-category, via the homotopy 1-category 
Orb"^" of Theorem[H3ni then the 1-cate gory fibre product ±Xi^\^/H],i±. in Orb 
would be one point, not \H\ points. All the nontrivial information in ((58)) is 
encoded in the 2-morphism rj. Although there is only one 1-morphism 
[*/H], there are \H\ different 2-morphisms C ■ ^ ^ h which correspond to the 
elements of H. In ([SS)) the 1-morphism i o tt : iJ — > [*/H] is the disjoint union 
of \H\ copies of i : * — [*/ H], and 2-morphism rj'.ion^ionis the disjoint 
union of the different 2-morphisms : i ^ i. 

This example illustrates the fact that the underlying topological space func- 
tor -Fc^sta • C°°Sta — > Top from H8.6l mav not preserve fibre products, since 
the fibre product -Fc^state) x^^top -^c~sta(i) one point, not \H\ 

points. In contrast, the corresponding functor -Fc^Sch • C°°Sch Top on 
C°°-schemes does preserve fibre products. 

9 Sheaves on Deligne— Mumford C°°-stacks 

Finally we discuss sheaves of O^t'-niodulcs, quasicoherent sheaves, and coherent 
sheaves on Deligne-Mumford C°°-stacks X, generalizing fj^] for C°°-schemes. 
Some references on sheaves on orbifolds or stacks are Behrend and Xu [H §3.1], 
Dehgne and Mumford P Def. 4.10], Heinloth [H] §4], Laumon and Moret- 
Bailly [24] §13], and Moerdijk and Pronk [30l §2]. Our definition of sheaves on 
C~-stacks is closest to [I8ll50]. 

9.1 (9;t-modules, quasicoherent and coherent sheaves 

We build our notions of sheaves on Deligne-Mumford C°°-stacks from those of 
sheaves on C°°-schemes in Sj6l by lifting to etale covers. 
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Definition 9.1. Let A" be a Deligne-Mumford C°°-stack. Define a category 
Cx to have objects pairs {U, u) where C/ is a C°°-scheme and u : U ^ X \s eoi 
etale morphism, and morphisms (/,?7) : {U,u) — >■ {Y,v) where /:[/—> V" is an 
etale morphism of C°°-schemes, and ?7:u^i;o/isa 2-isomorphism. (Here 
/ etale is implied by u,v etale and u = w o /.) If {f,r/) : {U,u) — ?> iY,v) and 
(ffiC) • (Ytv) — >■ (W,w) are morphisms in Cx then we define the composition 
(ffjC) ° ifiV) to be {g o f,0) : {U,u) {W,w), where 9 is the composition of 
2-morphisms across the diagram: 




Define a sheaf of Ox-modules £, or just an Ox-module £, to assign a sheaf 
of ©(/-modules £{U,u) on U = {U,Ou) for all objects {U,u) in Cx, and an 
isomorphism of ©(/-modules £(/,,,) : f*{£{Y,v)) — > £{U,u) for all morphisms 
{f,v) ■ {U,u) {Y,v) in Cx, such that for all (/,??), (5,0, (9° f,d) as above 
the following diagram of isomorphisms of sheaves of ©[/-modules commutes: 

{9 ° /)* {£iW, w)) ^ £{U, u), 

for If,g{£) as in Remark 16.41 

A morphism of sheaves of Ox -modules (j) : £ ^ J- assigns a morphism of 
©(/-modules 4>(U^ u) : £{U, u) J-{U, u) for each object (U, u) in Cx, such that 
for all morphisms (/, rj) : (U, u) — > (Y, v) in Cx the following commutes: 



r{£{Y,v))— ^£{U,u) 



We call £ quasicoherent, or coherent, or a vector bundle of rank n, ii£{U,u) 
is quasicoherent, or coherent, or a vector bundle of rank n, respectively, for all 
{U,u) e Ca'- Write ©;t-niod for the category of ©^-modules, and qcoh(A'), 
coh(A') for the full subcategories of quasicoherent and coherent sheaves. 

Remark 9.2. (a) Here is a second, different way to define ©;t-niodules, closer 
to [H §3.1], [81 Def. 4.10]. Define a Grothendieck topology Jx on Cx to have 
coverings {{ia,'na) ■ {Ua,Ua) -)■ {U,u)]a<^A where ia Ua U is an open 
embedding for all a S A and U = UaeA ia{Ua)- Then {Cx,Jx) is a site. 

We can now use the standard notion of sheaves on a site, as in Artin [5] or 
Metzler [281 §2.1]. For ah {U,u) in Cx, define a C~-ring Ox{U,u) = Ou{U), 
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where U = {U,Ou)- For all morphisms (/,??) : {Y,v) — > {U,u), define a mor- 
phism of C°°-rings P{u.u)(v,v) ■ Ox(,U,u) Ox{Y,v) by P{u.u)(v,v) = P{U) ■ 
Ou{U) -> Ov{V). Then Ox is a sheaf of C°°-nngs on the site {Cx,Jx). 

Define a sheaf of Ox -modules £' to be a sheaf of modules of Ox on {Cx , J^x ) ■ 
That is, £' assigns an Ox{U, u)-module £'{U, u) for ah {U, u) in Cx, and a linear 
map f^'j : £{U,u) — > £(^1^^) for all (/,?7) : (Y:'^) — ^ {Utu) in C^:-, such that 
the analogue of ([^51) commutes, and the usual axioms for sheaves on a site hold. 

If £ is as in Definition iH] then defining £'{U,u) = T{£{U,u)) gives an 
©A'-module in the sense of this second definition. Conversely, any 0;f-module 
in this second sense extends to one in the first sense uniquely up to canonical 
isomorphism. Thus the two definitions yield equivalent categories. 

(b) As O^'-inodules are a kind of sheaves of sets on a site, not sheaves of 
categories on a site as stacks are, Ox-T^od is a category not a 2-category. 

(c) If X is locally fair, or locally good, or locally finitely presented, then U is 
also locally fair, or locally good, or locally finitely presented, for all {U, u) in 
Cx^ since u:U^X\s etale. 

(d) In Definition 19.11 we require the 1-morphisms UjV^w and morphisms f,g to 
be etale. This is important in several places below: for instance, H f ■ U ^ V 
is etale then /* : Ov-mod— >■ Ocz-mod is exact, not just right exact, which 
is needed to show O^'-mod is abelian, and also flf : f*[T*V) — >■ T*U is an 
isomorphism, which is needed to define the cotangent sheaf T*X. We restricted 
to Deligne-Mumford C°°-stacks X in order to be able to use etale (l-)morphisms 
in this way. For C°°-stacks X which do not admit an etale atlas, the approach 
above is inadequate and would need to be modified. 

(e) Our notion of vector bundles £ over X correspond to orbifold vector bundles 
when X is an orbifold. That is, the stabilizer groups Iso([a;]) of X are allowed 
to act nontrivially on the vector space fibres £\x oi £. 

Now O^f -mod is an abelian category^ where — )• £ — ^ J- — ^ — )• is exact 

in C';t-inod if and only if ^ £{Uj u) '^^^^'^ T{U, u) ^'^^^ Q{U, u) ^ is exact in 
©[/-mod for all (C/, u) in Cx- To prove this, note that each Cy-mod in Definition 
19. H is abelian, and the functors /* are exact (not just right exact) as / is etale. 
Thus Corollarv 16 . 1 1 1 and Proposition 16. 121 implv: 

Proposition 9.3. Let X be a Deligne-Mumford -stack. Then O;f-mod is 
an abelian category, and qcoh(A') is closed under kernels, cokernels and exten- 
sions in Ox-T^od, so it is also an abelian category. Also coh(A') is closed under 
cokernels and extensions in Ox-'raod, but it may not be closed under kernels in 
C;t'-mod, so may not be abelian. If X is locally fair then qcoh(A') =C';f-inod. 

Example 9.4. Let X be a C°°-scheme. Then X — X is a Deligne-Mumford 
C°°-stack. We will define an inclusion functor Ix ■ Ox -mod — >■ O^'-inod which 
induces equivalences between the categories Ox-mod, qcoh(X), coh(X) defined 
in fj6] and O^'-mod, qcoh(A'), coh(A') above. This shows that our notions of 
sheaves for C°°-stacks are good generalizations of those for C°°-schemes in ^ 
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Let £ be an object in Ox-mod. If (C/, u) is an object in Cx then u : U ^ 
A" = X is a l-morphism, so as C°°Sch, C°°Sch are equivalent (2-)categories u 
is 1-isomorphic to u : U ^ X ioi some unique morphism u : U ^ X. Define 
£'{U,u) — u*{£)- If (Z,??) : {U,u) — >■ {V,v) is a morphism in Cx and u,v are 
associated to u, v as above, so that u ~ v o then define 

£'u,,^ = ifAn-'--ri£'iY,v))^r{v*{£)) ^ {vo rr {£) = £' {u,u). 

Then ([59)) commutes for all (/,??), (ff, C)j so £' is an 0;t'-module. 

If : £ — is a morphism of Ox -modules then we define a morphism 
0' : £' — > J^' in O^'-mod by cj)' {U, u) = u* {(f)) for u associated to u as above. Then 
defining Ix : £ ^ £' ., Ix : H> 0' gives a functor Ox-mod — > O^^-mod. There 
is a natural inverse construction: if £ is an object in O^^-mod then £{X, idx) is 
an object in O;t-mod, and £ is canonically isomorphic to Xx {£{X, ^x)) ■ Using 
this we can show Ix is an equivalence of categories. 



9.2 Writing sheaves in terms of a groupoid presentation 

Let A" be a Deligne-Mumford C°°-stack. Then X admits an etale atlas 11 : 
U ^ X, and as in ^7.5\ from 11 we can construct a groupoid {U,V^ s^t,u,i,m) 
in C°°Sch, with s,t V ^ U etale, such that X is equivalent to the groupoid 
stack [if =1 1/], and we have a 2-Cartesian diagram 



V — 
- t 

u — 



'U 
■X. 



We can now consider the objects (C/, H) and (F, 11 o s) in Cx, and the two 
morphisms (s, idno.^) : (Y, H o s) ^ (J7, n) and (i, 7]) : (Y, H o s) ^ (J7, n). 

Now let £ be an object in O^^-mod. Then we have an Ot/-module E = 
£{U,^), an Oy-module E' = £[V,Wo s), and isomorphisms of Oy-modules 
£(sMuos) ■ S*{E) E' and £(t,^) : t*{E) E'. Hence $ = ^(7^^^ o £^s,idno_s) is 
an isomorphism of Oy-modules $ : s*{E) t*{E). 

We also have a 2-commutative diagram with all squares 2-Cartesian: 




omitting 2-morphisms, where W ~ Y 'Xg.u tYj and ttj^, ttj : W ^ V are projec- 
tions to the first and second factors in the fibre product. So we have an object 
(W, Ho so n^) in Cx, and we can define E" = £{W, 11 o s o w^). Then we have 
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a commutative diagram of isomorphisms in Ovi^-mod: 




m* [E ) 

2rt(£(s,idn„,))\ 2r2(£(t.,,)^ '^7r2(i?')^ 

(.^°2ri)*(B)=(*°2r2)*(B) -<-^ " 



22*(i^(=,idn„,)) 



(soir2)*(£;)= 

(som)*(_E) 



(60) 



Here the morphisms are given by a = Irn,t{E) ^ o to*($) o Iyn.s{E), (3 = 
I^^,tiE)-^oTT*{^)oI^^jE) and 7 = /^^,t(£;f 1 o vr^ ($) o /^^^,(£;)rand as (EO]) 
commutes we have a = 7 o /3. This motivates: 

Definition 9.5. Let {U,V,s,t,u,i,rn) be a groupoid in C°°Sch, with s,t : 
V ^ U etale, which we write as V ^ U for short. Define a (Y =t U)-module 
to be a pair (i?, <&) where E is an ©[/-module and $ : s*(i?) — > t*(i?) is an 
isomorphism of Oy-modules, such that 

/™,t(^)"X m*($) o I^,,{E) = o 7rt($) o/,^,,(£;))o 

in morphisms of OvK-modules (s o m)*{E) (t o m)*{E). Define a morphism 
of {V =1 U) -modules 4> '■ (E,^) — ^) to be a morphism of ©[/-modules 
cj): E ^ F such that * o s*{cj)) = « * : s*(£;) ^ t* (F). Then (V =| C/)- 

modules form an abelian category {V =t L/)-mod. The construction above shows 
that if A" is a Deligne-Mumford C°°-stack equivalent to \V =^ U] with atlas 
li : U ^ X then we have a functor Fn : Ox-n^od (Y =^ C/)-mod defined by 
Fn:£^ (£(t/,n),f(-i^) of(,^idno,)) and Fn : ^ (/.(I/,n). 

Define qcoh(V" =t C/) and coh(V" =t C/) to be the full subcategories of {E, $) 
in {V =1 [/)-mod with E quasicoherent, or coherent, respectively. 

Theorem 9.6. The functor Fjj above induces equivalences between Ox-'raod^ 
qcoh(A'), coh(A') and {V ^ U)-mod, qcoh(Y =^ U),coh{V =^ U), respectively. 

Proof. Let {E, $) be an object in {V =t C/)-mod. We will construct an object 
£ in C';f-mod with Fii{£) = (F, $), and show £ is unique up to canonical 
isomorphism. This defines an inverse for Fu up to natural isomorphism, and so 
shows Fu ■ O^'-mod — ?> (Y ^ U)-mod is an equivalence. The quasicoherent and 
coherent sheaf cases are then immediate. 

Suppose {Y, y) is an object in Cx- We wiU construct an Oy-module £{Y, y), 
uniquely up to isomorphism. Now y : Y X is a 1-morphism, and II : U ^ X is 
a surjective 1-morphism. Therefore by Definition l7.14l there exists an open cover 
{ Yq : a € A} oi Y with inclusions iy^ ■ Ya ^ Y and 1-morphisms fa-Ya—>-U 
such that yoiy^ is 2-isomorphic to Ho/^ as 1-morphisms Y^ -> X, for all a E A. 
Also fa is etale as n, y, iy^ are. 
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Thus we have an Oy^ -module fa{E) on Ya for a E A. Usmg $ we can 
construct natural isomorphisms 7ry^(/*(i?)) = 7ry^(/^(i?)) of modules on the 
intersection/fibre product YaCiYb — Yab = Ya 'XiY^,Y,iY^ Yb for a, 6 G A. Using 
(|6T|) and the groupoid axioms we can show that these isomorphisms satisfy the 
natural compatibility condition on triple overlaps Ya H n Yc for a,b,c € A. 
Therefore by a version of descent for objects for Oy-modules on C°°-schemes F, 
there exists an Oy-module f (Y, y), unique up to canonical isomorphism, with 
isomorphisms iy^ {£iYi v)) — fliE) of Oy^ -modules for all a € A. 

This allows us to construct Oy-modulcs S{Y,y) for all {Y,y) Cx, up 
to canonical isomorphism. When {Y,y) = {U,Il) we choose £{U,IV) — E. 
Having chosen such £{Y, y) for all {Y, y), a version of descent for morphisms for 
Oy-modules on C°°-schemes Y gives us unique isomorphisms of Oy-modules 
^U,v) ■ r{£{Z,z)) £{Y,y) for all morphisms {f,ri) : {Y,y) {Z,z) in Cx, 
constructed using compatible open covers for Yi Zl a-nd morphisms from them 
to ]J. Then £, is an O^t'-module with Fxi{£) — (E,^). Uniqueness of £{Y,y) 
up to canonical isomorphism and of £{f.jj) above implies that £ is unique up to 
canonical isomorphism. □ 

For quotient C°°-stacks [U/G] with G a finite group, so that V — G x U, 
a (if =t C/)-module {E, <i>) is an ©[/-module E with a lift $ of the G-action 
on U up to E. That is, $) is a G-equivariant Oij-tnodule. Hence, if a 
Deligne-Mumford C°°-stack X is equivalent to a quotient [U/G] with G finite, 
then ©A'-mod, qcoh(A'), coh(A') are equivalent to the abelian categories of G- 
equivariant ©[/-modules, quasicoherent and coherent sheaves on U. 

Example 9.7. Let X be the quotient stack [*/G], where * = SpecR is a point 
and G is a finite group. Then O^t'-mod — qcoh(A') is equivalent to the abelian 
category of all G- representations over R, and coh(A') is equivalent to the abelian 
category of finite-dimensional G-representations over R. 

9.3 Fullback of sheaves as a pseudofunctor 

In Definition 16.31 for a morphism of G°°-schemes / : ^ Ywe defined a right 
exact functor /* : Oy-mod — > Oji^-mod. As in Remark 16.41 puUbacks cannot 
always be made strictly functorial in /, that is, we do not have f*{g*{£)) = 
{g o f)*{£) for all f : X Y, 9 ■ Y E and £ G O^-mod, but insteacfwe have 
canonical isomorphisms If,g{£) : [g o [)*{£) f*{g*{£))- 

We now generalize this to pullback for sheaves on Deligne-Mumford C°°- 
stacks. The new factor to consider is that we have not only 1-morphisms / : 
X ^ y, but also 2-morphisms rj : f ^ g for 1-morphisms f,g:X^y, and we 
must interpret pullback for 2-morphisms as well as 1-morphisms. 

Definition 9.8. Let / : A" — > 3^ be a 1-morphism of Deligne-Mumford C°°- 
stacks, and T be an C'j;-module. A pullback of to A" is an Ox-'^odule £, 
together with the following data: if U, V are G°°-schemes and u : U ^ X and 
V : V ^ y are etale 1-morphisms, then there is a G°°-scheme W and morphisms 
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■ W U, TTy : W V giving a 2-Cartesian diagram: 

W— 

Eu\ --C^ |. (62) 

- fou ' 

U — *-3^. 

Then an isomorphism {{T, f,u,vX) '■ Hui^ill'''^)) ^ Hvi-^iY^'^)) oi Ow- 
modules should be given, which is functorial in (U, u) in Cx and (V, v) in Cy 
and the 2-isomorphism C in ((62|). We usuahy write puUbacks £ as f*{T). 

By a similar proof to Theorem 19.61 but using descent for objects and mor- 
phisms for Oy-modules on C°°-schemes Fin the etale topology rather than the 
open cover topology on Y, we can prove: 

Proposition 9.9. Let f : X ^ y he a 1-morphism of Deligne-Mumford C°°- 
stacks, and T he an Oy -module. Then a pullhack f*{J-) exists in C';t'-mod, and 
is unique up to canonical isomorphism. 

From now on we will assume that we have chosen a pullback f*{J-) for all 
such f : X ^ y and F. This could be done either by some explicit construction 
of puUbacks, as in the C°°-scheme case in §6.11 or by using the Axiom of Choice. 
As in Remark 16.41 we cannot necessarily make these choices functorial in /. 

Definition 9.10. Choose puUbacks f*{J-) for all 1-morphisms / : A" ^ 3^ of 
Deligne-Mumford C°°-stacks and all F G Oy-mod, as above. 

Let f : X ^ y he such a 1-morphism, and : f — >■ be a morphism 
in Ojy-mod. Then f*{£), f*{T) e O^'-mod. Define the pullhack morphism 
f*{4>) : f*{£) — > f*{J^) to be the morphism in O^^-mod characterized as follows. 
Let u : U ^ X, V : V ^ y, W,71u,llv be as in Definition EH with ([62]) 
Cartesian. Then the following diagram of morphisms of Ov^-niodules commutes: 

nunm.u)) ^^^^^^^^^^^^ . rymv)) 

Using descent for morphisms for Oy-modules on C°°-schemes Y in the etale 
topology, one can show that there is a unique morphism /* {(j)) with this property. 

This now defines a functor f* : 03;-mod — > Ox-'tnod. By the last part of 
Proposition 16. 121 /* also maps qcoh(3^) qcoh(A') and coh(3^) coh(A'). 

Let f : X ^ y and g : y ^ Z he 1-morphisms of Deligne-Mumford C°°- 
stacks, and £ e O^-mod. Then {g o f )*{£) and f*{g*{£)) both lie in OA-mod. 
One can show that f*{g*{£)) is a possible pullback of £ hy g o f. Thus as in 
Remark l6.41 we have a canonical isomorphism If^g{£) : {go f)*[£) f*{g*{£)). 
This defines a natural isomorphism of functors If^g '■ {g ° f)* ^ f* ° g* . 

Let /, g : A" — )• 3^ be 1-morphisms of Deligne-Mumford C°°-stacks, rj : f ^ g 
a 2-morphism, and £ G Oj;-mod. Then we have OA:'-modules f*{£),g*{£). Let 
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u : U ^ X, V : V ^ y, W ,TTij,TTy be as in Definition 19.81 Then as in ([S^ we 
have 2-Cartcsian diagrams 

W ^ — W ; 

- f ou - qou 

u -^y, u — ^3^, 

where in C0('7*id«o7f^) is horizontal composition and '0' vertical composition 
of 2-morphisms. Thus we have isomorphisms of Oiy-niodules: 

:ii*v{£iY,v)). 

There is a unique isomorphism making this diagram commute. Taken over 
all (Yiv), using descent for morphisms we can show these isomorphisms are 
pullbacks of a unique isomorphism f*{£){U,u) — > g*{£){U,u), and taken over 
all {U,u) these give an isomorphism of O^'-inodules r]*{£) : f*{£) — >■ g*{£)- 
Over all £ G Oy-mod, this defines a natural isomorphism rj* : f* ^ g* . 

If A" is a Deligne-Mumford C°°-stack with identity 1-morphism idx : X ^ X 
then for each £ S C';f-mod, f is a possible puUback id^(f), so we have a 
canonical isomorphism 5x{£) '■ id^(f) — > £■ These define a natural isomor- 
phism 5x : id^ ^ ido^ 

-mod • 

The proof of the next theorem is long but straightforward. For pseudofunc- 
tors see Borceux |5l §7.5] or Behrend et al. [3l §B.4]. 

Theorem 9.11. Mapping X to C';v'-mod for objects X in DMC°°Sta, and 

mapping 1-morphisms f : X —i- y to f* : Oy-mod — )■ Ox-T^od, and mapping 
2-morphisms rj : f ^ g to rj* : f* g* for 1-morphisms f,g : X ^ y, and the 
natural isomorphisms If^g : {g o /)* =^ f* o g* for all 1-morphisms f : X y 
and g : y ^ Z in DMC°°Sta, and bx for all X e DMC°°Sta, together 
make up a pseudo functor (DMC°°Sta)°P — > AbCat, where AbCat is the 
2- category of ahelian categories. That is, they satisfy the conditions: 

(a) If f : W ^ X, g : X ^ y, h : y ^ Z are 1-morphisms in DMC°°Sta 
and £ G O^-mod then the following diagram commutes in Ox-T^od : 

(ho go /)*(£) — — ^ f*{{h o gr{£)) 

{gofy{h*{£)) f*{g*{h* {£))). 

(b) If f : X ~> y is a 1-morphism in DMC°°Sta and £ G C'3;-mod then the 
following pairs of morphisms in O^r-niod are inverse: 



{foidxr{£)^ .id^(/*(^))' {idyof)*{£)^ .f*i^d*y{£)). 
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Also (id/)*(id£) = id/.(£) : r{£) -> riE). 

(c) If f,g,h : X ^ y are 1-morphisms and rj : f ^ g, C, : g ^ h are 
2-morphisms in DMC°°Sta, so that C^Qrj : f ^ h is the vertical compo- 
sition, and £ G O^-mod, then 

C{T) o T^*{£) = iCQvYiS) ■■ r{£) ^ h*{£) m O^-mod. 

(d) If f, f ■ X ^ y, 9,9 ■ y ^ Z are 1-morphisms and ij : f ^ f , ( : g ^ g' 
2-morphisms in DMC°°Sta, so that C*^/-5°/=^5° / the horizontal 
composition, and £ e O^-mod, then the following commutes in C';f-niod : 



{9ofy{£) 
r{9*{£))- 



rfig'is)) 



■f*i9*m 



ncis)) 



i~9ofn£) 

■f*ig*i£)). 



Here is the analogue of Proposition 16. 51 

Proposition 9.12. Let f : X ^ y he a 1-morphism of Deligne-Mumford 
C°° -stacks. Then pullback f* : Oy-mod — >■ 0;f-niod is a right exact functor. 

Proof. Suppose f— J'tJ— >Ois exact in Oy-mod. Let u : U ^ X, v : V ^ 
y, W,llu,llv be as in Definition HH Then £iV,v) T(y,v) giV,v) 
is exact in Oy-mod, so 7lv{£{Y,v)) lIv{^{Y,v)) tIv{G{Y,v)) -> is 
exact in Ow-mod by Proposition [631 Thus by the isomorphisms i{—, f, u, v, C), 
HuinmU^u)) ^ Euir{^m,u)) ^ ryiriGm^u)) ^ O is exact in Ow- 
mod. As this is true for all {V,v) we see that f*{£){U,u) f*{^){U,u) 
f*{G){U,u) — is exact in Ofy-mod. Since this holds for all {U,u) we see that 
f*{£) f*{J^) -> f*iG) -)■ is exact in Ox-mod, as we have to prove. □ 

9.4 Cotangent sheaves of Deligne-Mumford C°°-stacks 

We now develop the analogue of the ideas of ^6.4\ 

Definition 9.13. Let X he a Deligne-Mumford C°°-stack. Define an Ox- 
module T*X called the cotangent sheaf of X by {T*X){U,u) = T*U for ah 
objects {U,u) in Cx and (T*A')(/_^) = % : f*{T*V) T*U for aU morphisms 
{/i'?) ■ [UtU) — > {Y,v) in Cx, where T*U and 51/ are as in ^ 36. 41 Here as 
f : U — > y is etale $7/ is an isomorphism, so (T*A')(y^) is an isomorphism of 
C(7-modules as required. Also Theorem 16. 17f a) shows that (1591) commutes for 
£ = T*X for aU such (/, r]), {g, Q. Hence T*X is an OA-module. 

Let / : A" 3^ be a 1-morphism of Deligne-Mumford C°°-stacks. Then 
f*{T*y),T*X are OAr-modules. Define Vtf if*{T*y) T*X to be the unique 
morphism characterized as follows. Let u : U ^ X , v : Y ^ y ,W ^Hu^^v^^ 
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in Definition l9.8[ with (|^^ Cartesian. Then the fohowing diagram of morphisms 
of Ovy-modules commutes: 

llh{nT*y){U,u)) —— ^j:*^{{T*y){V,v)) =n*y{T*V) 

.u'(nfiu,u))l ^^^^^^ ^ ^ 

7llj{iT*X){U, u)) {T*X)iW, u o TT^) = T*W. 

This determines nu* (fl f [U , u)) uniquely. Over all {V, v), using descent for mor- 
phisms for ©[/-modules on C°°-schemes U in the etale topology, this determines 
the morphisms n,f{U,u), and over all {U,u) these determine ilf. 

From Proposition 19.31 and Theorem 16. 16f c) . fd) we deduce: 

Proposition 9.14. Let X be a Deligne-Mumford C°° -stack. If X is locally 
fair then T* X is quasicoherent. If X is locally good then T* X is coherent. If 
X is an orbifold of dimension n, which may have boundary or corners, then 
T* X is a vector bundle of rank n. 

Here is the analogue of Theorem fG. 171 Note the extra r]*(T*Z) in (1^ . 

Theorem 9.15. (a) Let f : X ^ y and g : y Z be 1-morphisms of 
Deligne-Mumford C°° -stacks. Then 

ngof^nfof*{ng)oijjT*z) (63) 

as morphisms {go f)*(T*Z) — > T*X in C';f-mod. 

(b) Let f,g : X ^ y be 1-morphisms of Deligne-Mumford C°° -stacks and 
rj: f ^ g a 2-morphism. Then 17/ = fig o r)*{T*y) : f*{T*y) T* X . 

(c) Suppose W ,X ,y , Z are locally fair Deligne-Mumford C°° -stacks with a 
2- Cartesian square 

w ^y 

\e f 4 (64) 

X -^z 

in DMC°°Sta'^, so that W = Xx^y. Then the following is exact in qcoh(yV) : 

e'(Og)o/,.g(T*2)© 

(goe)*(r*Z) — Lf*{T*y) -^^T*W^O. (65) 



Proof For (a), let u : U ^ X , v : V ^ y and w : W ^ Z he etale. Then 
there is a C°°-scheme V' with V' ~ VXgov,z.wW, and fibre product projections 
TTy : Y' — > Y, Hw '■ Y' ^ W ■ Define v' = vo^y : Y' — > 3^- Then v' is etale, as v is 
and w is so TTy is. Similarly, there is a C°°-scheme U' with U' ^ U x fou.y^v' Y', 
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and fibre product projections ttj/ ■ W U, TTyi : U' ^ V' . Define an etale 
1-morphism u' ~ u o njj -.U'-^X. Then we have a 2-commutative diagram 




U' ■ Ey' 

with 2-Cartesian squares. On U' and V' we have commutative diagrams: 



,|(/-(T* 



y))L 



{f*{T*y)){u',u') 



nfiu',u') 



{T*X){U',u') 



= T*U' 



^1 (ff*(T-Z))(^_^,M„,) 

' n„(v'v') 
[g*{T*Z)){V',v') ^^^J 



= T*V' . 



(66) 



(67) 



^ {T*y){v' ,v') = 

Applying ■Uy, to (|67p we make another commutative diagram on U' : 



E\„{i{T-Z..g.v,w,C.)) 



2r^(2r^(ff*(T*Z)(Y,z;))) 

Sil2ry'((S*(T*^))(xv„id^,)) 

' , 2-^(f2g(r':"')) 

lI*y,{{9*{T*Z)){V',v')) 



■1I*v-{ew*{T*W)) 
-^T:*y,{T*V') 



(68) 



(/*(g*(r*z))) (t/', m') — (^•("«))(^''"') ^ (/*(r*3^)) [W, u'). 



By Theorem 16. ITf a) the foUowing commutes: 

{iiw°irT{T*w) 



^*v.{^w*{T*W)) 



—^T*U' 

■TT*y,{T*V'). 



(69) 



Using all this we obtain a commutative diagram on U' : 

{igofriT*Z))iU',u') iT*X)iU',u') 



iHw ° lIv')*iT*W) — ^ T*U' 

{Is,,{T'Z)){U',u') \ nj{U',u') 

ll*v'{lIw*{T*W)) ^T:UT*V') 



{r{g*{T*Z))){U',u') 



(70) 



{r{T*y)){u',u'). 
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Here the right hand quadrilateral of ([70)) comes from , the bottom quadrilat- 
eral from ([68)) . the central square is ([69)) . and the remaining two quadrilaterals 
are similar. Thus, the outer square of ([70)) commutes. But this is just ([55)) 
evaluated at {U', u'). li u : U X , v -.V ^ y and w -.W ^ Z are etale atlases 
then u' : U' ^ X \s also an etale atlas, and (155)) evaluated on an atlas implies 
it in general. This proves part (a). 

Part (b) is immediate from the definitions. For {c), lei u : U X, v : 
V ^ y and w : W ^ Z he etale. Then U,V,W are locally fair, as X,y, Z are 
and u,v,w are etale. There are C°°-schemes U',V' , with U' ~ U Xgou,z.w 
V' = V X fiov. z,w Wi and fibre product projections ]lu ■ W U, : U' — ^ W, 
TTy -V'^V, TT^y : V' -> W. Then Trj/, Try are etale as w is, so U',V' are locally 
fair as U,V are. Define a C°°-scheme T ~ U' '><t^^,w ,t^^^, Y' . Then T is locally 
fair by Theorem 14.261 The 1-morphisms u' o ^jj, : T ^ X and v' o ny, '■ T ^ y 
have a natural 2-isomorphism g o [u' o ^y,) ^ h o (v' o ^y') constructed from 
the 2-isomorphisms in the 2-Cartesian squares constructing U',V'. Thus as 
W — X X z y there is a 1-morphism t : T ^ W, unique up to 2-isomorphism, 
such that u' o njj, ^ e o t and v' o ny, ^ f o t. Also t is etale. This gives a 
2-commutative diagram 




in which the leftmost and rightmost squares are 2-Cartesian. 

Applying Theorem l6.17f b) to the Cartesian square defining T gives an exact 
sequence in qcoh(r): 



-Ev,{ii^„)oL^,.^„iT'w)TIu'iT*U')® 
i2Iw°lIu'nT*W) = ^ ^nl,iT*V') -^^T*T^O. (71) 



By a similar argument to (a), we can use ([7T)) to deduce that ([05)) evaluated 
at (T,t) holds, li u : U ^ X, v : V ^ y and w : W ^ Z are atlases then 
f : T — >• W is an atlas, so this implies ([65)) . and proves (c). □ 
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